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ABSTRACT

In this work the problem of existence of Kédhler metrics satisfying the J-equation
(introduced by S.K. Donaldson and X.X. Chen) on compact complex manifolds is
discussed. In particular, a numerical criterion of M. Lejmi and G. Székelyhidi is
studied; this is the natural generalisation of the obstruction to the existence of such
metrics found by Donaldson.

A large part of the first two chapters is devoted to the development of the required
complex geometry and the basic properties of Kdhler manifolds, while in the last
chapter we analyse some aspects of the J-equation. One of the main open problems
in the study of this equation is to prove that the validity of the numerical criterion
is actually sufficient for the existence of critical metrics. The conjecture is related to
a circle of ideas in Kéhler geometry, relating the existence of special Kdhler metrics
to algebro-geometric stability conditions. The only cases where the conjecture has
been verified are surfaces and toric manifolds.

As main result of this work, we prove that if the numerical criterion holds on a
compact Kdhler manifold, then the same remains true on the possible blowups at a
point, for Kéhler classes that make the volume of the exceptional divisor sufficiently
small. By applying the result to compact toric manifolds, we obtain the existence
of non-trivial solutions on toric blowups. The same arguments extend to the more
general inverse o, equations without any difficulties.

SOMMARIO

Questo lavoro di tesi ha affrontato il problema dell’esistenza di metriche Kéhler
che soddisfano la J-equazione, introdotta da S.K. Donaldson e X.X. Chen. In parti-
colare, si e studiato il criterio numerico proposto da M. Lejmi e G. Székelyhidi, una
naturale generalizzazione dell’ostruzione all’esistenza di tali metriche trovata da
Donaldson.

I primi due capitoli sono dedicati allo sviluppo della necessaria geometria comp-
lessa e alla presentazione delle proprieta fondamentali delle varieta Kédhler, mentre
nel terzo capitolo si analizzano alcuni aspetti della J-equazione. Uno dei problemi
piu significativi nello studio di tale equazione e la dimostrazione dell’esistenza di
metriche critiche, sotto l'ipotesi di validita del criterio numerico. Tale congettura e
legata ad un circolo di idee in geometria Kdhler che legano l'esistenza di particolari
metriche a condizioni geometro-algebriche di stabilita. Gli unici casi dove la conget-
tura ¢ stata verificata sono le superfici e le varieta toriche.

Il risultato principale dell’elaborato e stato quello di dimostrare che, se il criterio
numerico vale in una varieta Kdhler compatta, allora vale anche nei possibili scop-
piamenti in un punto, per classi Kidhler che rendono sufficientemente piccolo il
volume del divisore eccezionale. Come corollario, si ottiene 1’esistenza di soluzioni
non banali su scoppiamenti di varieta toriche. Gli stessi risultati si estendono senza
difficolta al caso pit generale di equazioni o, inverse.
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Introduction

The J-equation was introduced by S.K. Donaldson in [Donaldson, 1999], as the
vanishing condition for the moment map of a certain infinite-dimensional Hamil-
tonian action. At around the same time, X.X. Chen independently discovered the
J-equation as the Euler-Lagrange equation of his J-functional (see [Chen, 2000]).
He showed that the J-functional is related to the Mabuchi K-energy, which plays
a key role in the study of Kédhler geometry and stability in the sense of geometric
invariant theory.

Explicitly, the J-equation is defined as follows. Let (M, «) be a compact Kéhler
manifold of dimension n, wg another Kahler metric. Let ¢ be the constant given by

_ JmaN wg‘_l
Imwg

and let H = { ¢ € C*(M,R) ‘ w¢e = wo+v—100¢ >0 } be the space of Kahler
potentials. The J-equation defined on H is given by

¢

oA\ wg_l = CcWyg,.
The equation turns out to be equivalent to A, & = nc, where A, is the dual
Lefschetz operator associated to the metric wgy, or to Ap, 0 = 0, i.e. aisa wey-
harmonic form.

Donaldson in [Donaldson, 1999] asked whether one can find, under the proper
assumptions, a solution to the equation in the class [wo]. He noted that a necessary
condition is [ncwy — o being a Kéhler class, and conjectured that this condition is
also sufficient. Chen confirmed in [Chen, 2000] the conjecture in the case n = 2, by
observing that the equation reduces to a complex Monge-Ampere equation which
can be solved by the well-known result of Yau. In [Lejmi and Székelyhidi, 2015] the
authors showed that the Donaldson criterion actually fails in higher dimensions
and proposed a new numerical condition, which they conjectured to be equivalent
to existence of a solution.

Conjecture (Lejmi and Székelyhidi, 2015). Let (M, «) be a compact Kahler manifold,
wo another Kéhler metric. There exists a solution of Ay, = nc in [wo] if and only
if, for all irreducible analytic subvarieties V. C M of dimension k < n, the following
numerical criterion

Jv (necw§ —ka Awf™) >0

holds.
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It is easy to show that this is indeed a necessary condition. On the other hand
one can also naturally arrive at this condition from the point of view of an algebro-
geometric stability condition, analogous to K-stability for the constant scalar cur-
vature Kédhler (cscK) equation, introduced by M. Lejmi and G. Székelyhidi in the
same article. The analogy with cscK metrics is emphasised in Donaldson’s original
approach: both equations arises as the vanishing condition for moment maps of an
infinite-dimensional Hamiltonian action. Together with the aforementioned result
of Chen for surfaces, a first step in this direction was given by the proof of the
conjecture on toric manifolds (cf. [Collins and Székelyhidi, 2014]).

This Master thesis aimed at proving an expected result about the blowup be-
haviour of the J-equation, analogous to that of C. Arezzo and F. Pacard ([Arezzo
and Pacard, 2006, 2009]) for the cscK equation: if the J-equation is solvable on a
compact Kdhler manifold, then, under certain hypotheses, it can be solved in its
possible blowups at a point. Instead of working directly with the equation, we
analysed the behaviour of the numerical criterion, proving the following

Theorem. Let (M, «) be a compact Kihler manifold admitting a Kihler class [w] such
that the numerical criterion holds. Consider the blowup o: Bl, (M) — M at a point p and
denote by E the exceptional divisor. Then there exists € > 0 sufficiently small such that

(@] = o*[w] — e PD[E], [&] = 0[] — ae PDIE]

are positive and the numerical criterion holds on Bl, (M) in the above classes, provided that
a< —T=c.
n—1

In particular, we found the numerical condition a < ;"5 c on the blowup param-
eter, which reflects the fact the volumes of the exceptional locus with respect to both
metrics @ and & must be of the same order. Combining the above theorem with that
of Chen for the J-equation on surfaces and that of T.C. Collins and G. Székelyhidi
on toric manifolds, we obtain the following new existence results.

Corollary. Let (M, o) be a compact Kihler surface admitting a solution to the J-equation
in the Kihler class [wo]. Then there exists € > 0 sufficiently small such that

(o] = 0" [wg] — e PDI[E], [&] = 0*[«] — ae PD[E]

are positive and there exists a solution to the J-equation Ag & = 2¢ on Bl, (M) in the
Kiihler class (@), provided that a < 2c.

Corollary. Let (M, wy) be a compact, toric, Kiahler manifold, p € M a point invariant
under the torus action. Then the blowup Bl,(M) admits non-trivial solutions to the
J-equation Ay, = nc in the classes

[w] = 0*[wg] — e PDIE], [a] = 0" [wo] — ae PD[E],
for € sufficiently small, provided that a < .
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These results can be simply generalised to a wider class of geometric PDEs, known
as inverse oy, equations.

The thesis is structured as follows.

Chapter 1. From the definition of complex manifolds and analytic subvarieties,
we briefly present the concept of almost complex structures. Then we move to
differential forms and Doulbeault cohomology groups on complex manifolds. The
last part of the chapter is devoted to complex vector bundles, with particular
emphasis on Hermitian vector bundles and the connection between holomorphic
line bundles and divisors.

Chapter 2. The fundamental Kahler condition with some characterisations is intro-
duced. Further, the basic symmetries of the classical tensors associated to a Kihler
metric are presented. The last section is devoted to the introduction of the Lefschetz
operators and the related algebraic aspects, followed by the Kahler identities and
the theory of harmonic forms. Finally, some topological constraints on compact
Ké&hler manifolds are discussed.

Chapter 3. In this last chapter we introduce the J-equation on compact Kéhler
manifolds, presenting the original approaches of Donaldson and Chen. We prove
a uniqueness statement via a comparison principle, and we briefly review the
known result about the dependence on the Kihler classes. Further, the numerical
criterion of Lejmi and Székelyhidi is presented, together with the results for surfaces
and toric manifolds mentioned above. After the definition of blowup and its basic
properties, we show the validity of the numerical criterion on blowups under certain
hypotheses. Finally, we briefly introduce the inverse o,,, equations, generalising the
above results to this class of equations, and we discuss an application to the blowup
of the projective space at a point.

This work has been carried out in collaboration with the International School for
Advanced Studies (Scuola Internazionale Superiore di Studi Avanzati, SISSA).

UniTS, University of Trieste
SISSA, International School for Advanced Studies
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Chapter 1

Complex Geometry

In this first chapter we will focus on complex manifolds, with particular emphasis
on vector bundles and divisors. We will develop most of the basic concepts that
are needed for the more advanced topics that will be studied in the following. The
basic references are [Griffiths and Harris, 1994] and [Huybrechts, 2005].

1.1 Complex manifolds

Complex manifolds are topological spaces that are locally modelled by open subsets
of C™, with holomorphic transition functions. Although they are strictly related
to differentiable manifolds, they differ in many aspects. Heuristically speaking,
complex manifolds are more rigid structure (e.g. the only holomorphic functions on
compact complex manifolds are the constant ones), but on the other hand they can
often be described in very explicit terms. We firstly recall some basic properties of
holomorphic functions of many variables.

Notation. In the following, we will write z = (z!

2t =xt V1Yt (1.1.1)
and v/ —1 the imaginary unit. Recall that a smooth map f: U — V between open
subsets of C™ is holomorphic if its differential d,,f is a C-linear map for every p € U.
This condition is equivalent to the requirement

or
0z)

i.e. f is holomorphic if and only if every component is holomorphic in each variable.

y...,2") for a point of C™, with

=0 Yij=1,...,1m, (1.1.2)

Many properties of holomorphic functions that hold in the one-dimensional
case can be generalised to the many-variables setting. We recollect here briefly some
of those properties that will be useful in what follows; we refer to [Griffiths and
Harris, 1994] for proves of the results.

Definition 1.1.1. Let zy € C™ be a point, 11,..., T be positive real numbers. Set
T = (T1,...,7Tn). The polydisc of centre zy and polyradius r is the set
Ar(zo) ={z€C™ |zt —zfl < Vi=1,...,n }. (1.1.3)

1



1 - Complex Geometry

As in the one-dimensional case, a fundamental tool is the following

Cauchy integral formula. Let A be a polydisc in C™, U an open neighbourhood of
A, and f: U — C be a continuous map, holomorphic on A. Then for any z € A,

B 1 J f(w)
C2ny/=D)™ Joa (W —21) - (W — 21

daw!--

f(z) Sdw™, (1.1.4)

Let us see some of the consequences. Consider an open, connected set U C C™.

Power series expansion. Let f: U — C be a smooth function. Then f is holomorphic
if and only if for all zg € U there exists a polydisk A, (zp) C U and a collection of
complex numbers { Cy;...«,, | &%1,...,xn € N}such that for all z € A.(z9) we have

fz) = D ooz —2)% - (2h = 2f)* (1.1.5)

K yeeey X EN

Identity theorem. Let f: U — C be a holomorphic function and zy € U a point such
that f = 0 in a neighbourhood of zyg. Then f = 0 on U.

Maximum principle. Let f: U — C be a holomorphic function and zy € U a point
such that |f| achieves a local maximum at zy. Then f is constant on U.

Open mapping theorem. Let f: U — C be a holomorphic function and V C U be
an open subset. If f is not constant, f(U) is open.

All these results are an immediate generalisation of the well-known properties
of holomorphic functions of one variable; however, there are some noticeable
differences between the one and many-variables realm. An example is the famous
Hartog’s theorem, which holds only in dimension at least 2.

Hartogs’ theorem. Consider two polyradii v = (r1,...,1n) and v' = (r{,...,77)

such that v/ < 7 foralli = 1,...,n. If n > 2, then any holomorphic function
f: Ar(0) \ A/ (0) — C can be uniquely extended to a holomorphic function defined
on the whole polydisc A, (0).

Let us move now to the definition of complex manifold.

Definition 1.1.2. A holomorphic n-atlas on a set M is a collection { (Ux, ©«) }oc1/
labelled by an at most countable set of indices I, such that the following conditions
hold.

¢ The sets U, cover M.

¢ For any « € I, ¢« is a one-to-one map from U, to an open domain in the
complex space C™:
Pt Ux = @o(Uy) C C™.

¢ For any pair of intersecting sets Uy N Upg # &, the domains @ (U, NUg) and
@p(Us NUpg) are open in C™ and the one-to-one map

©p 00l Pa(UxNUp) = @p(UgNUp)
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1.1 - Complex manifolds

is holomorphic. These maps are called transition functions. As the condi-
tion holds for every pair of indices, we deduce that transition functions are
biholomorphisms.

A pair (U, @) is called a holomorphic chart. A subset U C M is defined to be open if
its intersections with holomorphic charts

po(UNUy) CcC

are open for all « € I. This defines a topological structure on M.

Definition 1.1.3. A set M equipped with a holomorphic n-atlas is called a complex
manifold of dimension n if it is a Hausdorff, second countable topological space.

In the following, we will often say that “M is a complex manifold”, assuming
that M comes with an assigned holomorphic structure. Similarly, when talking
about “holomorphic charts on M”, it will be tacitly assumed that these charts belong
to the assigned holomorphic structure of M. We will usually denote the complex
coordinates as z!,...,z", which decomposes as z' = x' + v/—1y'. If not differently
stated, the dimension of a complex manifold will be denoted by n. Further, we will
tacitly assumed the manifolds to be connected.

Note that a complex manifold M of complex dimension n is automatically a real
manifold of real dimension 2n.

Example 1.1.1. The simplest example of complex manifold is any open subset of
C™. Another classical example is the complex projective space CP™ (or for brevity P™):

_ cntl \{0}

Pr=-o—o,  AeC (1.1.6)

We define an n-atlas on it, defining U; = {[Z] € P [Z'#0},i = 0,...,n and
considering the one-to-one maps ¢i: U; — C™ given by

ei([2]) = (i;i) ) (1.1.7)
The inverse maps are
o M2z =22t ] (1.1.8)
and the transition functions (for j > 1)
@jo (... 2" = 21—] (zl,...,zi,l,ziﬂ,...,ﬁ,...,z“) (1.1.9)

are clearly holomorphic on U; N Uj.

Definition 1.1.4. Let M and N be complex manifolds. A map f: M — N is said to
be holomorphic if for each pair of holomorphic charts (U, ¢) and (V,{) on M and N
respectively such that f(U) C V, themap pofo@t: @(U) — (V) is holomorphic.

3



1 - Complex Geometry

A holomorphic function on M is simply a holomorphic functions f: M — C.
These functions form a sheaf Op1 (or simply O) on M, called the sheaf of holomorphic
functions: for each U C M open,

Om(U) ={f: U — C|fis holomorphic}. (1.1.10)

The sheaf of holomorphic functions on M is very different from the one of smooth
functions on differentiable manifolds, as it is already shown by the following

Lemma 1.1.5. Let M be a compact complex manifold. If f: M — C is a holomorphic
function, then f is constant.

Proof. This is a consequence of the maximum principle. By compactness, f assumes
maximum at some point py € M. Set

A={peM]|flp)="~(po)}.

Then A is not empty and is closed. On the other hand, let p € A and (U, ¢) be a
local chart containing p. By the maximum principle, f o ¢ ! is constant on @(U),
so that U C A is a neighbourhood of p in A. As M is connected, A = M, i.e. fis
constant. ]

We will see more about the information contained in sheaf of holomorphic
functions in section 1.2.2.

Let us analyse now the notion of tangent space. Let M be a complex manifold,
p € M and (z') a holomorphic coordinate system around p. Considering M as a
real manifold of dimension 2n, we have the real tangent space at p, denoted by
Tp M. It can be realised as the space of R-linear derivations on smooth real-valued
functions defined on a neighbourhood of p. In terms of local coordinates,

0 0
PM=R( 3055, (1111
which is a real vector space of real dimension 2n.

On the other hand, we can define the complexified tangent space at p as Tc, p,M =
ToM ® C. It can be realised as the space of C-linear derivations on smooth complex-
valued functions defined on a neighbourhood of p. In terms of local coordinates,

0o 0
T(C,pM :(C<axl,ayl>, (1112)

which is a complex vector space of complex dimension 2n. Setting

0 1/ 0 0 0 1/ 09 0
— == -—V—1_— — == -+ V—=1_— 1.1.1
ozt 2 <ax1 ay1> ' ozt 2 (67& * 6y1> ’ ( 3)

it can be described as
0 0

T‘C’pM:C<azi’azi>' (1.1.14)

4



1.1 - Complex manifolds

Finally, we have the holomorphic tangent space at p

0
ozt

M =C < > C TepM. (1.1.15)

It can be realised as the space of C-linear derivations vanishing on antiholomor-
phic functions, which clarify the independence on the chosen coordinate system.
Analogously, the space

0
0,1nf — o
TyM=C < azi> C Te,pM (1.1.16)
is called the the antiholomorphic tangent space at p. Clearly,

TepM =T)'Ma TP'M. (1.1.17)

Note that the complex structure on T¢,, M induces the operation of conjugation, an
automorphism of Tc , M sending 9/azt to 9/az'. Thus, we have the relation

TLOM = T)'M. (1.1.18)

Further, the projection T,M — T¢ M — T%’OM sending

(1.1.19)

0 ;0 d
+PB e

oxi By (VIR

ot
is an R-linear isomorphism of vector space of real dimension 2n. In the next section,
introducing the concept of almost complex structure, we will see that the map is
actually a C-linear isomorphism.

We can also bundle these spaces to construct the real, complex, holomorphic and
antiholomorphic tangent bundles:

™= | | M, TeM = | | TepM,
PEM peEM
(1.1.20)
1,0M — 1,0 0,Inf — 0,1
THOM = | | T2M, oM = | | T9'M.
peEM peM

The first one is a real manifold of dimension 2n, the second one is a complex
manifold of complex dimension 2n. The holomorphic and antiholomorphic tangent
bundles are again complex manifolds of dimension n. The holomorphic one has
the further property of being a holomorphic vector bundle (see section 1.3).

The set of global sections of TcM is denoted by Xc(M), while the set of global
sections of THM is denoted by X1°(M) and the elements are called holomorphic
vector fields. Analogous definition holds for the set X%!(M) of antiholomorphic
vector fields.

The dual constructions produce the cotangent space at p, the complex one, the
holomorphic and antiholomorphic cotangent spaces and the corresponding bundles.
In local coordinates,

dz! = dx' +v-1dy!,  dzf=dxt - V-ldy' (1.1.21)



1 - Complex Geometry

and the spaces are described as

T*M =R (dx', dy'), Té ;M =C(dz',dz"),
. , (1.1.22)
T:1OM = C(dz"), T:0IM = C(dz").

Note that if M, N are complex manifolds, any smooth function f: M — N induces
the linear map
dpf: ToM — Te)N (1.1.23)

and hence a map between the complex tangent spaces. However, in general there
is no induced map between the holomorphic tangent spaces. Actually, it can be
shown that f is holomorphic if and only if df restricts to the holomorphic tangent
spaces:
1,0 1,0
dpf(T,"M) C Tep)N- (1.1.24)

For this particular case, let us analyse the differential map in coordinates. Fix
two holomorphic coordinate systems: (z*) centred at p € M and (W) centred at
q = f(p) € N. We have two different notions of Jacobian: the real and the complex
one. Writing z! = x' + v/—1y', w = W + /—1V), the R-linear map df can be
expressed in local coordinates { 9/oxt, 9/ay' } and { 9/aw, 9/2v/ } as

au? ‘ au?
ox' | oyt
f) = 1.1.25
i (1.1.25)
oxt | oyt

On the other hand, the C-linear extension to the complexified tangent spaces can be
represented in local coordinates { 9/az1,9/3z! } and { 9/ow’, 9/ } as

~ (TJac(f) 0 (oW
Jacc(f) = < 0 Jac(]) Jac(f) = 3.1 ) (1.1.26)
In particular, for complex manifolds of the same dimension, we have
1 v—1
1—v—1
Jacg (f) = A™! Jace(f) A, A= , (1.1.27)
1 V-1
1 —/—1
so that
detJacy (f) = detJac(f) - detJac(f) = | detJac(f)|* > 0. (1.1.28)

As a consequence, holomorphic maps are orientation-preserving. Thus, taking the
natural orientation on C™ given by the 2n-form

—1\"
dx! Adyt Ao Adx™ A dy™ = <2) dz' Adz A A dz™ Adzh, (1.1.29)

we have a natural orientation on every complex manifold M via the holomorphic
transition maps @: Uy — C™.

A consequence of the above discussion is the following

6



1.1 - Complex manifolds

Theorem 1.1.6 (Inverse function theorem). Let U,V C C™ be open sets, f: U — V
a holomorphic map with Jac(f) nonsingular in zog € U. Then f is a biholomorphism in a
neighbourhood of z.

Proof. Since detJacg(f)(zo) = |detJac(f)(z)[> > 0, by the ordinary inverse function
theorem we have a smooth inverse map f~lina neighbourhood of zj. Differentiat-
ing with respect to z' the identity f~1(f(z)) = z, we have

_ 9
0=+ (f(f(2)))

_oftaf | arlafl
T g oz | 0D on
_oflofl
© 07 0zt

of 1

As detJac(f) is invertible, we have 5

= 0 for every j, so f~! is holomorphic. [
In the same spirit, we find the

Theorem 1.1.7 (Implicit function theorem). Let U C C™ be an open set and consider a
holomorphic function f: U — C* with

oft
det { —(zo) #0 (1.1.30)
0z 1<i,j<k
for a certain zg € U. Then there exist g',..., g™ * holomorphic functions defined in a
neighbourhood of (5™, ..., z") such that
fliz) = =f2)=0 <= J=g .. ,z") ¥=1,...,k (1.1.31)

A particular consequence of the inverse function theorem, peculiar of holomorphic
maps, is the following

Proposition 1.1.8. Let U,V C C™ be open sets, f: U — V a holomorphic one-to-one map.
Then f is a biholomorphism.

Proof. By the inverse function theorem, it suffices to prove that Jac(f) is nonsingular.
Let us prove it by induction on n. Let (z') and (W) be holomorphic coordinates on
U and V respectively. Let k be the rank of Jac(f)(zp). We may assume that

i
det (af.(zo)) £0,
0z 1<i,j<k

so that setting

2V = fi(z) Vi=1,...,k
2 =7 Vi=k+1,...,n

by the inverse function theorem (z') is a holomorphic coordinate system on a
neighbourhood of zj. Further, the locus A ={z’ I —... =2 =0}is in one-to-one

7



1 - Complex Geometry

correspondence with the locus B = {w! = ... = w* = 0} via f|s and the Jacobian of
fla with respect to z’¥*+1 ... z/™ is singular at z)**!, ..., zJ". By induction, either

k = 0 or k = n. Thus, the Jacobian of f vanishes whenever the Jacobian is singular,
so that the connected components of the locus { detJac(f) = 0 } are mapped to single
points in V. Since f is one-to-one and the zero locus of the holomorphic function
detJac(f) is either empty or positive-dimensional, we find that detJac(f) # 0 for
every point of U. O

Remark 1.1.9. Note that the proposition does not hold in the smooth case: the
function x — x3 is smooth and one-to-one over R, but does not possess a smooth
inverse.

The implicit function theorem allows us to give two equivalent definition of
complex submanifold.

Definition 1.1.10. A complex submanifold S of dimension k of a complex manifold M
is a subset locally given either by the zero locus of a holomorphic map f: M — C¥*
with rank of Jac(f) equal to k, or as the image of an open set U of C™* under a
holomorphic map g: U — M with rank of Jac(g) equal to n — k.

Remark 1.1.11. The definition of submanifold can be reformulated as follows:
S C M s a complex submanifold of dimension k if there exists an atlas { (Ux, @x) }
of M such that @ (Ux N'S) = @ (Ux)NCKisa biholomorphism. Here Ck c Cm™is
interpreted as a subspace.

We can generalise the notion of submanifold, allowing singularities.

Definition 1.1.12. An analytic subvariety V of a complex manifold M is a subset
locally given by the zero locus of a finite number of holomorphic functions. A point
p € Vis called smooth or nonsingular if it is locally given by holomorphic functions
f1,..., f* with rank of Jac(fl, ..., f*) equal to k. The locus of smooth points of V will
be denoted by Vim. A point is called singular if it belongs to the set Viing = V'\ Vom,
called the singular locus.

An analytic subvariety is called smooth or nonsingular if V = Vg, In particular, a
nonsingular analytic subvariety defined by a constant number of equations, say k,
is a complex submanifold of dimension k.

Let us summarise the basic properties of analytic subvarieties. Proves can be
found in [Griffiths and Harris, 1994].

Proposition 1.1.13. Viing is contained in an analytic subvariey of M, not equal to V.

Proposition 1.1.14. An analytic subvariety V is irreducible if and only if Vi is connected.
In this case, we define the dimension of an irreducible analytic subvariety to be the dimension
of the complex manifold Vgp,.

For the rest of the thesis, we will always consider subvarieties to be analytic,
even when not explicitly stated.



1.2 - Differential calculus on complex manifolds

1.2 Differential calculus on complex manifolds

1.2.1 Almost complex structures

The complex structure of a complex manifold is essentially encapsulated in the
multiplication by v/—1, which is naturally inherited by the tangent bundle TM from
the holomorphic charts. However, the “multiplication by v/—1 “can be defined for
the more general class of smooth manifolds.

Definition 1.2.1. Let M be a smooth manifold. An almost complex structure ] on M
is a smooth global section of the bundle End(TM) — M, such that ]> = —id. A
manifold equipped with an almost complex structure is sometimes called an almost
complex manifold.

Note that, as ]2 = —1id, the tangent spaces must have even dimension. Thus, a
smooth manifold with an almost complex structure has even dimension too. For a
complex manifold M, the holomorphic structure induces a natural almost complex
structure: for every p € M, consider a holomorphic chart (U, ¢) containing p and
define J,: T,M — T,M as

Jp(v) =(dp@ ' 0jodpe)(v), (1.2.1)

where j: C™ — C™ is the multiplication by v/—1. Then J,, defines an almost complex
structure ] on M. In terms of the basis { 9/ox, 9/ay' }, the almost complex structure
on a complex manifold reads

0 0 0 0

In this way, the tangent spaces become complex vector space generated over C by
9/axt, with

(4 vV—1B)v = av + BJv. (1.2.2)

However, the natural setting for the automorphism ] is the complexified tangent
bundle, where the almost complex structure is defined via complex-linearity exten-
sion. In terms of the basis { 9/az!, 9/2z! }, we have

J(a_) 12 ]<a> :_ﬁ%. (1.2.3)

0zt ozt ozt

Now, for a general almost complex structure, it is clear that ] defined on Tc ,M
has eigenvalues v/—1 and —v/—1 and the subbundles of TcM consisting of eigen-
vectors relative to these eigenvalues, denoted by TH'M and T%!M, are called the
holomorphic and antiholomorphic tangent bundles respectively:

Tl»OM:{v—ﬁ]v‘veTM},

To’lM:{er\/—il]v‘veTM}. 124

9



1 - Complex Geometry

On a complex manifold, we deduce from the above representation that these bundles
coincides with the ones defined in the previous section. Further, with the complex
structure on the real tangent spaces, we find that the R-linear map T,M — TTl,’OM is
actually C-linear:

- D
1 1
“axiﬂs oyt

= (ot + \fmi)i — (ot + ﬁﬁi)a%. (1.2.5)

oxt

Example 1.2.1. As an example, every oriented, Riemannian real surface £ admits
an almost complex structure. Indeed, define for v € T, X the vector J,v as the 77/2
rotation of v in the counter-clock direction, as in Figure 1.1 (the angle is measured
by means of the metric). Then | is a globally well-defined almost complex structure.
This result is no longer true in higher dimensions: for instance, a famous result
due to Borel and Serre [Borel and Serre, 1953] states that the only even-dimensional
spheres which admit an almost complex structure are S* and S°. The first can be
realised viewing S? as the imaginary quaternions of unitary norm, the latter by
means of octonions.

SN
N
T,Z

>

Figure 1.1: Almost complex structures on oriented, Riemannian real surfaces.

An interesting problem is to determine whether an almost complex structure
comes from a complex one. Note that the almost complex structure is a purely
algebraic object, while the holomorphic structure involves the differential part of
the theory. Thus, the difference between an almost complex structure coming from
a holomorphic atlas and a generic one must appear from the differential setting.
A characterisation is given by this famous result of Newlander and Nirenberg
[Newlander and Nirenberg, 1957].

Theorem 1.2.2. Let | be an almost complex structure on a smooth manifold M. Then ]
comes from a holomorphic structure on M if and only if the distribution T M is integrable.

Note that the integrability condition can be expressed via the Frobenius theorem:
the distribution T»!M is integrable if and only if for all pairs of holomorphic vector
fields X,Y € X%1(M) we have [X,Y] € X51(M). An alternative characterisation is
given by means of the Nijenhuis tensor:

Ny (X, Y) = [X, Y] +T[X, Y]+ T[X, JY] = [JX,JY]. (1.2.6)

Theorem 1.2.3. Let | be an almost complex structure on a smooth manifold M. Then |
comes from a holomorphic structure on M if and only if Ny = 0.

10



1.2 - Differential calculus on complex manifolds

We will not spend any more time studying the interplay between real manifolds,
holomorphic structures and almost complex structures. We will just assume the
manifolds to be complex with the natural almost complex structure, although some
constructions can be generalised to generic almost complex manifolds. We refer to
[Moroianu, 2007] for further readings.

1.2.2 Differential forms and cohomology

The decomposition of the space of vector fields of a complex manifold can be
naturally extended to differential forms. This fact will allows us to introduce the
del and del-bar operators and the Dolbeault cohomology groups, which contains
information about the holomorphic structure of the manifold. We will principally
follow [Griffiths and Harris, 1994] and [Huybrechts, 2005] as references. See [Voisin,
2002] for more details about sheaf cohomology on complex manifolds.

Let M be a complex manifold. The decomposition of the cotangent bundle into
holomorphic and antiholomorphic bundles can be extended to the wedge products:

ATM= P (/\PT*l»OM ® /\qT*O»lM). 1.2.7)
p+q=k

Let A denote the sheaf of complex-valued differential forms of degree k, i.e. the
sheaf of sections of the bundle AT M — M. The above decomposition leads to
the corresponding one a the level of differential forms:

AEM) = P API(M), (1.2.8)
p+q=k

where AP>9(M) is the space of global sections of APT*1H0M ® A9T*OIM. Note that
AP>9 is a sheaf too. We will say that a differential form « € AP>9(M) is of type (p, q).
In local holomorphic coordinates (z'), an element « € AP>9(M) is of the form

x = Z g dz'' A dz/, (1.2.9)
[I|=p
Jl=q
where we used the multiindex notation
dz! = dzU A - Adzhe, dz) =dZT A AdZe. (1.2.10)
The type decomposition comes with the projection operators

P9 AL (M) — AP 9(M). (1.2.11)

The exterior derivative d: AE(M) — A?E“ (M), defined as the C-linear extension of
the standard one, can be decomposed as follows: noting that for a form o of type
(p, q), its differential decomposes as

doc € APTHI(M) @ AP 9TL(M), (1.2.12)

11



1 - Complex Geometry

we define the del and del-bar operators

9: AP 9(M) — APTLI(M)

] 1.2.13
d: AP A (M) — AP 9TH(M) ( )
by

d=mPthdoqd, d=mP9% o q. (1.2.14)

As a consequence, we find d = 3 + 0. In local holomorphic coordinates (zY), for a
k-differential form o« = oy dz! A dzJ we have
d )
0ox = aoqi] dz' A dz! A az/
= (1.2.15)

0 .
X 473 A dz! A d2)
0z)

ox =

Note that for a holomorphic map f: M — N,
*(AP9(N)) C AP9(M) (1.2.16)
and f* 00 = d o f*.
Let us see the basic properties of the del and del-bar operators.

Lemma 1.2.4. The following relations hold:

2 =293%=0, 90+ 00 =0. (1.2.17)
Proof. In local holomorphic coordinates,

% = aZ(XU

k 1 I =
= 35070 dzF A dzt A dz! A dZ,

which is zero since the first term is symmetric and the second skew-symmetric in
(k,1). Analogously for 3*> = 0. On the other hand,

aZOCU
0zt0z)
azch = i I -]
=——+—dzZ ANdz' Ndz Ndz
0z'0Z)

= —00a.

0o = dzt A dz) A dz! A dZ)

O]

Another operation which comes from the complex structure is the conjugation,
an automorphism of A(‘E(M) sending AP>9(M) to A9P(M). In local holomorphic
coordinates, for o« = «; ]dzI A dz) we have

& = appdz! A dZ). (1.2.18)

We are ready now to introduce the Dolbeault cohomology groups. Recall the
definition of the (complexified) de Rham cohomology: let Z¥(M, C) be the space of

12



1.2 - Differential calculus on complex manifolds

closed differential k-forms and B*(M, C) be the space of exact differential k-forms.
Define the de Rham cohomology groups as

2K (M, C)

(1.2.19)
In the same spirit, let Z,g’q (M) be the space of 0-closed differential forms of type
(p,q) and 3%"‘ (M) be the space of d-exact differential forms of type (p, q). Since
0> =0, B29(M) c 258°9(M) and we can define the Dolbeault cohomology groups

Z29(M)
HP 9 (M) = 3 : 1.2.2
Note that if f: M — N is holomorphic, it induces a group homomorphism
7 HP9(N) — HE (M), (1.2.21)

In the same way, one could define the groups H’%(M). In general, they are not
isomorphic groups, but we will see in the next sections that for compact Kahler
manifolds an isomorphism between 9 and 0-cohomology holds, together with many
other symmetries for the Dolbeault cohomology.

Analogously to the real case, we can prove the 0-Poicaré lemma: every 9-closed
differential form is locally d-exact. The result is due to Grothendieck.

Lemma 1.2.5 (0-Poicaré lemma in one variable). Let A C C be an open disk and U be a
neighbourhood of the closure: A C U. Let « = fdz € A% (U). The function

B 1 J f(w)
S 2my/~ T Jaw—z

g(z) dw A dw (1.2.22)

satisfies 0g = a on A.

Proof. Firstly, let us prove that g is well-defined. Fix zyg € A in a neighbourhood V of
zp in compactly contained in A. Choose a smooth function \: A — R with compact
support in A and Y|y = 1. Set f; = Pf, f, = (1 —P)f, so that f = f; + f,. We define

(2) = 1 J fi(w)
I VA Jaw—z
Note that for z € V, g, is well-defined, since f,|yy = 0 and the singularity at the

denominator is avoided. On the other hand, as f; has compact support in A, we
rewrite g; as

dw A dw.

g1(z) = 2n\1/f1 . j\l)(rvidw/\ dw
1 [ fi(z+ Q)
N 2/ —1 Je ¢
1 [ fi(z+re)
~ o/ e Tei®

1 . .
— —J f1(z+1e®)e ¥ dr A do.
e

dg A dc

(—2v~1r)dr A do

13



1 - Complex Geometry

The last integral is clearly well-defined, so that g = g; + g is well-defined too in
the open set V. With the same procedure in every point of the disk, we obtain that g
is well-defined in the whole A. Let us now compute dg(z) for z € V by computing
0gi. Note that 1/(w — z) is holomorphic in A\ 'V, so that

092 1 J 0 1 _
—(z) = — A dw = 0.
0z (2) 21y —1 Ja f2{w) 0z <w — Z) dw /A dw

On the other hand, using polar coordinates again,

91 1J ofy

a—i( + reie)e_'le dr A do
C

1 J’ ofy (w dw A dw
C2my/—1 Ja 0z w—z

Introducing a ball of small radius e centred at z and using the fact that 1/(w — z) is
holomorphic in A\ B¢(z), Stokes’s theorem and supp(f1) C A, we find

z
0z 7T

%(Z) - lim J of w)idw A dw
0z 2my/—1 e—0 A\B.(z) 0Z w—z
__ 1 limJ d(fl(w)dw)
2y =1 e=0Ja\B () \W—Z

1 limJ fi(w)
B 2y —1 e=0JaB () W— 2

27T .
= lim J f1(z + ee*®)dw = f1(z).

e—0 Jo

dw

Finally, 0g(z) = 0g1(z) + 0g2(z) = f1(z) = f(z). Since this holds in V, with the same
procedure in every point of the disk, we have the thesis. O

Theorem 1.2.6 (3-Poicaré lemma). Let A ={z € C™ | |z} — z(i)l < 1y} be a polydisc in
C™. Then
HE9(A)=0  Vp,Vq=>1. (1.2.23)

[o5]

Proof. Firstly, we can restrict ourselves to the case H%’q (A). In fact, observe that for
o= ocUdzI A dz) e AP 9(M), setting oty = oq]dZ] e A%9(M) we find

ox =0 — dxy =0 VI
and
X = 6(ﬁ1KdZI/\dZK) < X[ = 6([51KdZK) V1.
So we can assume « = f1dz! € 28:9(A). Let k be the greatest integer such that dzt
does not appear in « for any i > k. Then we can write

oc:oq/\dzk+oc2,

where «, does not contain dz*. Let us set

- 0

0y = o5 dz' A\

14



1.2 - Differential calculus on complex manifolds

From d« = 0 and the previous assumptions, we obtain

61061 :6i062 =0 Vi > k.

Thus, f1 are holomorphic functions in Z&+1 . 2™, We now set for every z € A,
1 fr(zl, ..., 28w,z
g1(z) = J 12,02 e Law A dw.
270y =1 J{ jwi<ric} w—z
The function is smooth in every variable, holomorphic in z¥*1,...,z™ and, by the
previous lemma, % = f1. By setting

¥ = Gy 2 A AT A A de,

we find 9;y = 0 fori > kand 0xy = (—1)9 1y A dz¥. Thus, « + (—1)90y is a
d-closed (0, q)-form without dz* for all i > k. We conclude by inductionon k. [

A well-known results asserts that the de Rham cohomology on a real manifold
can be realised as the sheaf cohomology of the real constant sheaf:

H*(M,R) = HX: (M, R). (1.2.24)

This is the de Rham isomorphism. Analogously, the Dolbeault cohomology of a
complex manifold can be realised as the sheaf cohomology of a holomorphic sheaf.
We will say that « of type (p,0) is a holomorphic if dox = 0. In local coordinates, a
holomorphic form can be written as o« = o dz! with o holomorphic functions.
The holomorphic p-forms define a sheaf P, which is nothing but Zg’o, the sheaf of
0-closed forms of type (p,0).

Lemma 1.2.7. For a complex manifold M,
H*(M, AP 9) =0 (1.2.25)
forall k > 0 and for all p, q.

Proof. The thesis readily follows by showing that the sheaf AP is fine, but let us
prove it directly by means of Cech cohomology. The proof is based on the existence
of a partition of unity: given a locally finite cover 4 = {U; };.; of M, consider a
partition of unity { p; };; subordinate to 4. Take Cech cocycle x € 78, AP>9) and
define B € C*1(41, AP 9) as

Bigins = D 05 gy
el

Note that the definition is well-posed, since AP>9 is a sheaf of C*-modules and

the sections pj ;i,...i,_, are extended to U;, N --- N U;,_, by zero. It can be shown

15



1 - Complex Geometry

by direct calculations that 83 = . In the particular case of k = 1, we have
Bu =2 veypvavu and

(5B)uv = Bv — Bu

= Z pW((XWV - (qu)
Wweu

= Z pwauv = xuv.
wesl

In the last two steps we used the cocycle condition xyv — awyv + awy = 0 and
the fact that ) ,,, pw = 1. O

Theorem 1.2.8 (Dolbeault theorem). For a complex manifold M,
HY(M, QP) = HE9(M). (1.2.26)

Proof. By the d-Poincaré lemma, the following sequences are exact.

0— QP —AP? & 2Pt g

)
0= 2D9 AP 2 2PdtT 0

By the previous lemma, that is H*(M, AP>9) = 0, the associated long exact se-
quences in cohomology simplify in the isomorphisms

HEFI (M, 2209) = HR (M, 289 vk >0,
0 p,q+1
HO(M, 2B9+T)

HY(M, 2P 9) = = '
( Y ™0 ) a*HO(M,AP>q)
for all p, q. Thus, by induction,
HO(M, 2B9
HI(M, QP) = H' (M, 2897 1) = (M, 25" — HP (M)

B*HO(M,Ap’qfl) 9
and the statement is proved. O
Let us finally discuss integration of forms and Poincaré duality.

Definition 1.2.9. Let V be a (possibly singular) k-subvariety of a complex manifold
M. We define the integral of a 2k-form with compact support in M to be the integral
over the smooth locus of V.

Theorem 1.2.10 (Stokes’ theorem). For a complex manifold M, a k-subvariety V and a
(2k — 1)-form « with compact support in M

J doc = 0. (1.2.27)
vV
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1.3 - Complex vector bundles

A proof of the above statement can be found in [Griffiths and Harris, 1994]. Stokes’
theorem illustrates the fact that singularities of analytic subvarieties occur only in
real codimension 2, so that integration over subvarieties behaves like integration
over submanifolds. More importantly, it will allow us to associate to any analytic
subvariety a homology class in He (M, R).

We will firstly state the Poincaré duality for real manifolds and then we will ap-
ply it to the complex case, defining in particular the Poincaré dual of an irreducible
analytic subvariety.

Theorem 1.2.11 (Poincaré duality). Let M be a compact, orientable manifold of (real)
dimension m. Then the kth homology group of M is isomorphic to the (m—X)th cohomology
group of M for all integers k:

Hi (M, R) 225 H™%(M, R) = HIL (M, R). (1.2.28)

Fory € Hx (M, R), the de Rham cohomology class PD(y) is characterised by the relation
J a= J PD(y)—a  Va € H5(M,R). (1.2.29)
Y M

Here — is the cup product, induced by the wedge product in cohomology as
[o] — [B] = [ec A\ BI. (1.2.30)

Let us consider now a complex, compact manifold M of dimension n. Any
irreducible analytic k-subvariety V, thanks to Stokes” theorem, induces a well-
defined functional on H3K (M, R) as

s J . (12.31)
\%

Thus, we have that V determines an element [V] € Hox (M, R), called the fundamental

class of V. By Poincaré duality, the linear functional determines also a cohomology

class PD[V] € H3p ?(M,R), called the Poincaré dual of V. The Poincaré duality

theorem asserts that this cohomology class is determined by the property that for

any (2n — 2k) cohomology class a,

J a= J PD[V] — a. (1.2.32)
A\ M

This fact will be useful in the following. A more complete discussion about Poicaré
duality can be found in [Griffiths and Harris, 1994], [Hatcher, 2002] and [Bott and
Tu, 1982].

1.3 Complex vector bundles

Let us recall the definition of vector bundle. Intuitively, a vector bundle over a
smooth manifold M may be regarded as a family of vector spaces parametrized by
points of the manifold, satisfying a local triviality condition.

17
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Definition 1.3.1. Let M be a smooth manifold. A complex vector bundle of rank r over
M is a smooth submersion 7t: E — M of smooth manifolds satisfying the following
properties.

e For each p € M, the fibre E,, = 7w~ !(p) has the structure of a complex vector
space of dimension r.

¢ For each p € M, there exists a neighbourhood U of p and a diffeomorphism
¢: 1 (U) — U x C" such that the following diagram commute.

rlU) —Y 5 uxcr

\ A

u

The restrictions of ¢ over the fibres are required to be vector space isomor-
phisms between {p } x C" and E,, forall p € U.

The manifold E is called the total space, while M is called the base space. A rank 1
vector bundle is simply called a line bundle. A map satisfying the above properties
is called a local trivialization over U. From the definition it follows that there is an
open covering { Uy }, o1 of M such that for every « € I there is a local trivialization
¢« defined over Uy. In turn, any such family of local trivializations determines a
family of smooth maps, called transition functions: setting Uyp = U N Up, these are

gap: Uxp — GL(1,C), (1.3.1)
uniquely determined by
(a0 dp)(pyv) = (P, gup (PIV) (13.2)
on Uy x C'. A simple computation shows that
Tap = IBoos (1.3.3)
Jop - 9y - Yya = id, (1.3.4)

whenever the compositions make sense. Equation 1.3.4 is called the cocycle condition.
We will call a family of smooth maps g«p: Uxp — GL(1,C) satisfying these rela-
tions a family of GL(r, C)-cocycles over M. It is a well-known fact that any family of
GL(r, C)-cocycles determines a complex vector bundle over M up to isomorphism,
see for example [Moroianu, 2007].

In the following, we will denote for an open set U C M the preimage (U)
as E|y, called the restriction of E at U. It is clear that the restriction is a vector
bundle over U. A local section is a smooth map o: U — E|y such that mo o = idy.
The local sections form a locally free sheaf of C*°-modules (here C* is the sheaf of
complex-valued smooth functions):

MU, E) = {o: U — EJy smooth | oo =idy}. (1.3.5)
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1.3 - Complex vector bundles

The sheaf will be sometimes denoted by HO(, E), in accordance with the derived
functor approach to the cohomology with values in E.

A morphism of complex vector bundles n: E -+ M and nt’: E/ — M is a smooth
map E — E’ such that the following diagram commute.

E— F

NS

As a general rule, every operation between vector spaces can be defined on
vector bundles: for E and F vector bundles over M, we can make sense for the direct
sum bundle E @ F, the tensor product E ® F, Hom(E, F), the dual E* or the exterior
powers APE. Another example is the determinant bundle: for a rank r vector
bundle, we set det(E) = ATE. These vector bundles can be explicitly constructed
via transition functions: if g«p and hyp are the transition functions over Uypg for E
and F respectively, then the maps

Jup @hocﬁa Jup ®hoc[5» t(Q;é)» det(gocﬁ) (1.3.6)

will be the transition function of E® F, E ® F, E* and det(E) respectively. Another
operation with vector bundles is the pull-back: consider a smooth map f: M — N
and a complex vector bundle 7t: E — N. We define the pull-back bundle n’: f*E - M
as follows:

f*E={(p,v) e M x E|f(p) =7(v)} (1.3.7)

and 7t as the projection onto the first component. It can be shown that this construc-
tion defines a complex vector bundle on M. From a section o € I'(U, E), we define
the pull-back section f*o € r(f=1(u), f*E)

(f0)(p) = (p, o(p))- (1.3.8)

A subbundle of a complex vector bundle t: E — M is a submanifold F of E such
that 7lr: F — M is a complex vector bundle and the fibres F, = 7t|;1 (p) are vector
subspaces of E,, (here the map is assumed to be of constant rank, so that every
Fp are vector spaces of the same dimension). The condition is equivalent to the
existence of local trivializations ¢: E|yy — U x C" such that

blp,: Flu = UxCcUxC (1.3.9)

are local trivializations for F. In this case, the transition functions for E are of the
form
hfxf’ ‘ *
Jgap=|—"—""1, (1.3.10)
0 |kap
where hg are the transition functions for F. In this notation, we can define the
quotient bundle E/F via the transition functions kg .
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If t: E — M is a complex vector bundle of rank r, then every local trivialization

¢: Elu — U x CT" induces T local sections of E: let eq, ..., e, be the standard basis of
C", and set
oq:U—E
. (1.3.11)
pr— ¢ (p,ea).
Then o1, ..., 0y are sections over U, and for any other local section o € I'(U, E) there
are smooth complex-valued functions f!, ..., f" defined on U such that
o="1%g. (1.3.12)

This is nothing but the definition of locally free sheaf of C*>-modules of rank r. Any
set of local sections with this property is called a local frame for E. In particular, if
0 = (0q) and T = (14) are local frames, on the overlap we have

.
Ta =) gabOb. (1.3.13)
b=1

If 0 and T are local frames defined in terms of a trivialization 4, then the functions
dab are nothing but the transition functions for the trivialization &l.

We can analogously give the definition of real vector bundle over a smooth
manifold. Just for complex manifolds, we can also give the definition of holomorphic
vector bundle, where the total space is a complex manifold and every map is con-
sidered to be holomorphic. As in the complex case, a holomorphic vector bundle
can be reconstructed from holomorphic transitions functions. In particular, a local
section is holomorphic if the map o: U — E|y is holomorphic. A local frame (o) is
holomorphic if each o is. Further, in terms of a holomorphic frame (o), a smooth
local section o is holomorphic if and only if

o="1%ygq (1.3.14)

for holomorphic functions <.

One of the particular features of a holomorphic vector bundle over a complex
manifold is the existence of a natural derivation, namely the d-operator on E-valued
differential forms. For E — M holomorphic, take a holomorphic local frame
01,...,0y and write ¢ € AP>9(U, E) as

(=) aa®0q, &g €APIU) (1.3.15)
a
Then set
30 =>) dagq ® 0q. (1.3.16)
a

Let us show that the definition does not depend on the choice of the local holo-
morphic frame. If 1q,...,T, is another frame, write 04 = )  gabTo With gap

holomorphic functions. Then { = 3, ,(gab®a) ® Tp and

a,b a,b a
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1.3 — Complex vector bundles

Thus, we have a well-defined map 9: AP 9(M,E) — AP>9+1 (M, E). The del-bar
operator on E-valued forms actually encodes the holomorphic structure of E.

Example 1.3.1. Let M be a complex manifold.

* The complexified tangent bundle is an example of complex vector bundle
(this is also true for a general manifold, not necessarily complex). The real
tangent bundle is a complex bundle thanks to the natural almost complex
structure, while the holomorphic tangent and cotangent bundles are examples
of holomorphic vector bundles.

* The exterior powers APT*19M are holomorphic. In particular, if M has
complex dimension n, then Kpy = A™T* LOM is called the canonical line bundle
of M. Its dual is sometimes called the anticanonical line bundle.

¢ Consider a complex submanifold S of dimension k. We have the subbundle
THOS  THOMs, so that we can define the quotient bundle over S. It is called
the (holomorphic) normal bundle Ng ;pq of S in M.

Example 1.3.2. Another classical example of holomorphic line bundle is the tauto-
logical line bundle over the complex projective space P™: consider the subbundle of
the trivial one, defined as

01 ={(t,z)eP"xC"* |z}, (1.3.18)

where { is a line through the origin in C"*!. We can find local trivializations of
O(—1) over each U;, where Uj; is defined as in Example 1.1.1, as follows:

$i([2],z) = ([Z],A) € Uy x C, (1.3.19)
where A is uniquely determined by z = A % The inverse map is given by
_ Z
o (21N = <[Z],7\Zi> . (1.3.20)
We can compute the transition functions on the overlaps by means of
Zi
(biod; ")([Z,A) = ([Z], DA) , (1.3.21)
so that _
Zl
g4 ([2]) = = (1.3.22)

The dual line bundle O(1) is called the hyperplane line bundle and by taking tensor
powers, we find the line bundles O(d) = O(1)®4, whose transition functions are

iy d
Q?([ﬂ):(i) : (1.3.23)

In local holomorphic coordinates over U;, they simply reads g E;d '(z2) = (2)) 4, which
are clearly holomorphic. It can be shown that the canonical line bundle of P™ is
isomorphic to the (n + 1)th power of the tautological line bundle:

Kpn = O(—m — 1). (1.3.24)
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1 - Complex Geometry

A useful construction for holomorphic vector bundles is the analogue of the
projectivisation of C™*! to obtain the complex projective space. The result is a
holomorphic bundle, with fibres given by complex projective spaces (the definition
of holomorphic bundle is analogue to that of holomorphic vector bundle, where the
fibres are given by a complex manifold and all the involved maps are holomorphic).

Proposition 1.3.2. Let t: E — M be a holomorphic vector bundle of rank r. Define the
manifold P(E) as the quotient of E minus the zero section by the natural C*-action. It has
the structure of a complex manifold and that of a holomorphic bundle over M, with fibres
given by P*=1. It is called the projective bundle associated to E.

Proof. The complex structure comes from the fact that the C*-action is proper
and free (see [Huybrechts, 2005] for the construction of complex manifolds via
holomorphic quotients). On the other hand, the holomorphic map #: P(E) - M
can be obtained by 7 passing to the quotient. Then 7 realises P(E) as a holomorphic
bundle over M: if { U } is a trivialization of E, then we have the biholomorphisms

AN (Uy) 25 Uy x P

The compositions dA)(xocf)El determines the holomorphic maps §«p : Uxp — PGL(r,C)
on the overlaps Uyp by

(ba o b )P, 12]) = (py Gap (P)(12))).

Here §«p(p) is the projection of g« (p) onto the projective linear group. ]

1.3.1 Connections and Hermitian vector bundles

As for the particular case of the cotangent bundle, for a complex vector bundle E
over a manifold M we can consider E-valued k-forms: they are local sections of the
complex vector bundle A*TZM @ E. We will denote the associated spaces of sections
over U as A&(U, E). If the base space is a complex manifold, we can define the E-
valued forms of type (p, q) as local sections of the bundle APT* LM ® A9T*0IM @ E
and denote the space of sections as AP>9(U, E). We are ready now to discuss
connections on complex vector bundles, following the exposition of [Griffiths,
1984].

Definition 1.3.3. A connection on a complex vector bundle E — M is a map
V:T(M,E) = AL(M, E) (1.3.25)
satisfying the Leibniz rule:
V(f-o)=dfeo+f-Vo (1.3.26)
forall f € C*(M), o € (M, E).
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1.3 - Complex vector bundles

Let 01,..., 0y be a frame for E over U. Given a connection V, we can decompose
Vo4 in components:
Voq =02 ® op. (1.3.27)

and we call the 1-form valued matrix 0 the connection matrix of V relative to the
frame oy,..., 0. Note that for a general local section 0 = o4 over U, applying
Leibniz rule we obtain

Vo= (df® +*-03) ® op. (1.3.28)

A connection V on E can be extended to a map V: A}E(M, E) — A(E“(M, E) im-
posing the graded Leibniz rule: for an element { = « ® 0, where « € A%(M) and
o € I'(M, E), the following relation holds.

Vie® o) =da® o+ (—1)*« A Vo. (1.3.29)
In particular, we can define the curvature of V as the map VZ: (M, E) — A%C(M, E).
Note that V2 is C*-linear:
V3(f-0)=V(df® o +f- Vo)
=d*f®@o—df AVo+df-Vo+f- Vo
=f- V0.

Thus, V2 is induced by a global section Q) of the bundle /\ZT(E M®E*®E. If 01,..., 0
is a local frame for E, we will have

Vi, = Q0 ® oy, (1.3.30)

The 2-forms valued matrix QU is called the curvature matrix of V relative to the
frame o1,..., 0. It can be expressed in terms of the connection matrix as follows:

V20, = V(02 ® op) = (d0S — 05 N\ 0§) ® o
= (d0S + 0§ N 02) ® o.

In matrix notation, O = d0 + 0 /A 0. This is the so-called Cartan equation. Exterior
differentiating the equation gives the Bianchi identity:

dQ+0AQ—-QA0=0. (1.3.31)

Remark 1.3.4. Note that for a local frame o = (04), we have the form-valued v x
matrices 0, and Q. If T = (714) is another local frame and 14 = } |, gab0p, then
on the overlap

Vt=(dg+g-0)® o, (1.3.32)

so that
0r=dg-g '+9g-05-g ",

Q:=g-Qy-g L
Here we have used matrix notation. In particular, if E is a line bundle, then for
every point p in the trivialization g(p) € GL(1,C) which is abelian, so that 6 and Q
are well-defined forms on M. Further, the Bianchi identity shows that the curvature

form is actually closed, so that it defines a cohomology class on M. We will see the
interpretation of this characteristic class in section 1.3.2.

(1.3.33)
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1 - Complex Geometry

Let us define now the concept of Hermitian metric on a complex vector bundle:
intuitively, it is a Hermitian inner product on each fibre, smoothly varying on the
base space.

Definition 1.3.5. Let E — M be a complex vector bundle. A Hermitian metric is
a smooth section h of the bundle E* ® E* such that for every point p € M, h,
is a Hermitian inner product on E, i.e. hy: Ep, x E, — C satisfies the following
properties.

1) hp(A1o1 4+ A202,T) = Athy (01, T) + A2hp (02, T) forall Ay € C, oy, T € Ep.
2) hy(o,T) =hp(T,0) forall 0,7 € Ep.
3) hyp(o,0) > 0forall o € E, and equality holds if and only if o = 0.

A complex vector bundle equipped with a Hermitian metric is called a Hermitian
vector bundle.

For a frame o1, ..., 0, we define the smooth functions
hav (p) = hp (0a(p), 0b(p)). (1.3.34)
A frame oy, ..., 0y on U is called unitary if o1 (p), ..., 0+ (p) is an orthonormal frame

in E,, for every point p € U. Locally, unitary frames always exists, as we can apply
the Gram-Schmidt process to a generic frame of E.

In general, there is no natural connection on a complex vector bundle E. How-
ever, as in the case of the Levi-Civita connection for a Riemannian manifold, if M
is complex and E is a holomorphic vector bundle with a Hermitian metric we can
require compatibility conditions that determine a canonical choice of connection:
the Chern connection.

Definition 1.3.6. Let E — M be a holomorphic vector bundle with connection V.
From the decomposition T*M = T*10M @ T*01M, we can write V = V1.0 + V01,
with

vhO (M, E) — AV (M, E), VOl MM, E) — A%Y(M, E). (1.3.35)
We say that V is compatible with the holomorphic structure if V%! = 9.

Definition 1.3.7. Let E — M be a Hermitian vector bundle with metric h and a
connection V. We say that V is compatible with the metric if

d(h(o,1)) =h(Vo,1) + h(o, V1). (1.3.36)

Theorem 1.3.8. Let E — M be a holomorphic Hermitian vector bundle with metric
h. Then there exists a unique connection V on E compatible with both the holomorphic
structure and the metric. It is called the Chern connection associated to the metric h.
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1.3 - Complex vector bundles

Proof. Let o01,...,0; be a local holomorphic frame, hq, = h(og,0p). Suppose
such a connection exists. Firstly, let us prove that the holomorphic compatibility
implies that the connection matrix 0% is composed by holomorphic forms. Note
that Vo, = V190, since the frame is holomorphic. On the other hand, consider
X € X%1(M) an antiholomorphic vector field. Then

00 (X) @ 0p = (Vo) (X) = (V"004)(X) =0,

as X is an antiholomorphic vector field, while vils, € AMO(U,E). Thus, 92 is
composed by holomorphic forms. Now, from the metric compatibility condition,

dhab = h(vea) eb) + h(ea) veb)
= 0Shep + Oy hac -

cALD €Al

On the other hand, dhap, = 0hgp + Ohgp, so that comparing types we obtain the
equations
oh ='0h, oh ="hbo.

Using the fact that h is a Hermitian matrix, we find that the two equations are
equivalent. The unique solution is ' = dh - h™!. Since the conditions determine
the connection, we have the uniqueness. For the existence, it is easy to check that
the local definition '0 = dh - h~! defines a matrix of global 1-forms satisfying the
above requirements. O

We can say a little more about the curvature associated to Chern connections.
Let us write V = V1 + 3. Then from 9% = 0, we find

V2 = (V20)? 4 (V003430 VHO), (1.3.37)

so that in the decomposition Q = Q%0 4 bl 4 Q%2 we have Q%2 = 0. On the
other hand, if we consider a unitary frame for a Hermitian vector bundle, then the
compatibility condition

dhap = 05 hep + 0 hace (1.3.38)

implies that 0 is a skew-Hermitian matrix: *0 + 0 = 0. From the Cartan equation,
it follows that Q is also skew-Hermitian, and Q*? = —00%2. Since the type of
the curvature does not depend on the chosen frame, we obtain that the curvature
associated to a Chern connection is purely of type (1,1):

Q=00 (1.3.39)

Example 1.3.3. Let us construct an example of Hermitian metric on the tautological
line bundle O(—1) of P™. The fibres are naturally endowed with a Hermitian
structure, being linear subspaces of C™+1:

o(-1)],=tccr. (1.3.40)
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1 - Complex Geometry

Thus, the Hermitian metric on O(—1) is defined as the restriction of the standard
one in C™*! on each fibre. Recall now the definition of the standard open cover of
P™ (see Example 1.1.1). Choosing on U; the local frame

z
0([2]) = <[Z]’Zi> : (1.3.41)
which in coordinates z — [ 1 | is given by
oi(z) = ([z1 RS B S AN (zl,...,l,...,zn)), (1.3.42)

the Hermitian metric will be be
2
hz(oy,00) = [|(z}, .. )1, 2™ ||one = 1+ 12 (1.3.43)
The connection matrix (which is actually a form of type (1,0)) will be

n 51
_ -1 _ Z Z i
i=

and finally, by Cartan equation, the curvature will be

O=d04+0A0=4d0
—Zi o dzJ A dzt +Z - dz) A dzt+
_ij 020 \ 1+ |z 0z) \ 1+ |z
—l—Z 1+|\2 dz A dZ

zi7) 6”(1+|ZI2)—Z 2 -
=— ———__dJ Ad dz’ A dz'
L T M L o

s)

+Z |\2 Szt A d

5Y(1 2y —zigd . .
__Z +|"|2 22 A ag)
(1+ |z[2)2
The local expression holds on U;. In the following section, we will construct a Kdhler
metric on P, the Fubini-Study metric, whose metric form will be proportional the
above curvature form.

1.3.2 Divisors

Recall that an analytic hypersurface of of a complex manifold M is a subset V.C M
such that, for every p € V, there exists a neighbourhood U and a holomorphic
function f defined on U such that V N U is the zero set of f. Such an f is called a
local defining function for V near p. Note that the quotient of any two local defining
functions around p is a non-vanishing holomorphic function around p (this is a
consequence of the stalk properties of the sheaf O, see for instance [Griffiths, 1984]).
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1.3 — Complex vector bundles

Definition 1.3.9. A divisor D of a complex manifold is a locally finite formal linear
combination
D=) aVi a; € Z, (1.3.45)
i

of irreducible analytic hypersurfaces of M. Here “locally finite” means that for
every point p € M, there exists a neighbourhood of p that meets a finite number of
Vi’s appearing in D. The set of divisors is an abelian group, denoted with Div(M).
A divisor D is called effective if a; > 0 for all i. Further, an analytic hypersurfaces
will be identified with the divisor } ; Vi, where V; are its irreducible components.

It turns out that the divisor group can be described in a sheaf theoretic way,
leading to the important relation between divisors and line bundles. To show it, we
have to introduce the concept meromorphic function, which will encodes the local
data defining a divisor.

Definition 1.3.10. A meromorphic function on a open subset U of a complex manifold
M is an equivalence class of collections (U, g«, h«)x, Where { Uy } is an open cover
of U, and g«, hy are holomorphic functions defined on U such that

gahp = gphq on Uy NUg. (1.3.46)
Two such collections (U, g, ha)aer and (Ug, g, h)pe; are equivalent if
gahp = gpha onU,NUg foralla € I, B €. (1.3.47)
The meromorphic functions form a sheaf on M, denoted by M.

We will say that a meromorphic function is written locally as {= on Uy. The
equivalence relation is due to the fact that the pair (g4, h«) is not uniquely defined:
we can “multiply numerator and denominator” to obtain the same meromorphic
function.

Consider now an irreducible analytic hypersurface V, with local defining func-
tion f around some p € V. Then for every holomorphic function g around p, the
order of f along V at p is defined to be the largest positive integer a such that %
is holomorphic around p. It can be shown that the order of g is a well-defined
positive integer, which does not depend on p (see for instance [Griffiths, 1984]), and
is denoted by ordy (g). For g, h holomorphic functions,

ordy(gh) = ordy(g) + ordy (h) (1.3.48)

This additivity property suggests the following definition. For a meromorphic
function @ on M, defined locally as {, and an irreducible hypersurface V, define

ordy (@) = ordy(g) — ordy (h). (1.3.49)

The definition does not depend on the local representation of the meromorphic func-
tion: if (Uy, gu, ho) and (Ug, gé,hé) are local descriptions, then Equation (1.3.47)
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and the additivity property imply ordy(g«) + ordv(hé) = ordv(gé) + ordvy(hy),
so that
ordy(g«) —ordy (he) = ordy(gp) —ordy(hg).

We will usually say that ¢ has a “zero of order a” if a = ordy (@) > 0 and that ¢
has a “pole of order a” if —a = ordy(¢) < 0. A meromorphic function naturally
defines a divisor () as

(@) =) ordy(e)V, (1.3.50)
Vv

where the sum runs over all irreducible hypersurfaces of M. The above sum is
locally finite, since for every open set U where ¢ is represented by , there are
only finitely many irreducible analytic hypersurfaces along which g of h have non-
vanishing order. The divisors associated to a meromorphic function will play an
important role in the next section for the relation between divisors and line bundle.

The sheaf of meromorphic function allows us to characterise the group of divi-
sors as follows.

Proposition 1.3.11. There is a group isomorphism
HO (M,M*/O*) = Div(M). (1.3.51)

Here M* is the multiplicative sheaf of meromorphic functions on M not identically zero and
O* is the subsheaf of non-zero holomorphic functions.

Proof. Consider a global section ¢ of M*/O*. For a covering { Uy } of M, this is
given by meromorphic functions { ¢ « } such that

P e 0 (Uyp).
®p

As a consequence ordy (@) = ordy (g ) and we can define

Dy = Z ordy (@) V.
%

Here for every irreducible analytic subvariety V of M, we choose « such that
VN Uy # 9. Note that the additivity property implies that the map ¢ — Dy isa
group homomorphism. The local meromorphic functions { ¢« } will be called the
local defining data for the divisor D,.

Consider now a divisor D = }_; a;V; and a covering { U } such that, for every «,
we can find a local defining function f;  for V on U. This is always possible, as the
sum is locally finite (we just need to intersect the finite number of neighbourhoods
of a point where we have local defining functions). Set on U

Qo = Hfi(_ljoa
i

which define a global section @p in M*/O*. This is a consequence of the fact that
the quotient of any two local defining functions around p is a non-vanishing holo-
morphic function around p. The map D — ¢p is clearly a group homomorphism
and it can be shown that it is the inverse morphism of ¢ — D,. O
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1.3 - Complex vector bundles

Line bundles and divisors

Let us explain now the connection between divisors and holomorphic line bundles
(from now on, the line bundles will be tacitly assumed to be holomorphic). Recall
that tensor products and duals of a line bundles are still line bundles. Considering
the line bundles modulo isomorphisms, it can be simply shown that they form a
group, with multiplication given by tensor product, inverses by dual bundles, and
neutral element by the isomorphism class of the trivial bundle. The group is called
the Picard group of M an is denoted with Pic(M).

Now, for a line bundle L — M, we can find local trivializations { Uy, ¢« },
which determine holomorphic transition maps gup: Uxp — C*. They satisfy the
conditions .

Jap = 9B (1.3.52)
Jup - 9py - Iy = 1
which imply that g = { g«p } is a closed Cech 1-cocycle with coefficients in O, i.e.
[g] € H(M, 9*). On the other hand, for a line bundle L’ isomorphic to L with local
trivialization { V., . } and transition functions h, we can find a refinement of
both { U } and { V. }, say { W,, }, such that

I (1.3.53)

for non-zero holomorphic functions f, € O*(W,,). Thus,
o

As a consequence, the cocycles { g } and { hy } differ by the cocycle {% }, which
is the coboundary of f = { f }, and they define the same element in cohomology. In
particular, we have a well-defined map Pic(M) — H!(M, O*). On the other hand,
from a closed Cech 1-cocycle with coefficients in O* we can construct a line bundle
L. It can be simply shown that cohomologous cocycles give rise to isomorphic line
bundles, so that we actually have a group isomorphism

Pic(M) = HY(M, 0*). (1.3.55)

We will omit new notation for the isomorphism class of a line bundle L, denoting it
with the same symbol. The correspondence between divisors and line bundles is
given by the following

Proposition 1.3.12. There is a group isomorphism
Pic(M) = DiviM) /| (1.3.56)
where the equivalence relation ~ on Div(M) is given by

D~D’ ifandonlyif D—D'= (@) (1.3.57)

for a meromorphic function ¢ on M. The group Div(M)/~ is called the divisor class
group on M and is denoted by C1(M).
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Proof. The isomorphism follows from the sheaf exact sequence
O—>O*—>M*—>M*/O*—>O,
that in cohomology gives us the isomorphism

HO <M,M*/O*)
HO (M, M)

= H' (M, 9%).

The subgroup H’(M, M*) is exactly the subgroup of Div(M) given by the divisors
associated to global meromorphic functions. However, the isomorphism can be
realised explicitly as follows. Consider the divisor D, locally given by the datum
@ on Ugy. Set

P
Jup = CP;C’
which is an element of O*(Uyp ). Certainly g;é = % =gp« and
O Pp Py
. . —rx ¥b XYY _ 1.
9op 9By " Gy s Py Do

The line bundle given by the transition functions g« is denoted by O(D), and is
called the line bundle associated to the divisor D. The map D — O(D) is clearly a
surjective. The multiplication is respected, as D is given by meromorphic functions
¢« and D’ by ¢/, (we can assume the open coverings to coincide) which give us
the transition functions gop and g, then the sum D — D is locally given by

©o - (@))~!, whose associated transition functions becomes

Po (05)" _ @u ((P&)‘l = gus - (ghe) !

ep - (0p)1  0p \@k P Sap

These transition functions are exactly those of O(D) ® O(D’)*. Thus, D — O(D) isa
group epimorphism. Finally, let us show that O(D) is trivial if and only if D = (¢)
for a meromorphic function ¢. We can assume the local data for the divisor D = (¢)
to be given by the restrictions of the global meromorphic function: ¢« = ¢lu,,
so that %; =1 and O(D) has trivial transition functions. Thus, O(D) is the trivial
bundle. On the other hand, if D is given by local data ¢ « and O(D) is trivial, then
there exist f, € O*(U,) such that

g fe
p=

In particular, we can define the global meromorphic function 1\, whose local expres-
sionis @y - f;l. It is well defined, as

P f;l =@a- fgl.
Then D = () and the theorem is proved. O
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Chern classes

In this section we are going to introduce the notion of Chern class for line bundles,
following [Griffiths, 1984]. Chern classes are part of a more general theory of
characteristic classes, see for instance [Milnor and Stasheff, 1974].

Definition 1.3.13. Let M be a complex manifold and consider the exact sequence of
sheaves

6271\/?1
0—2Z—0— 0" —0. (1.3.58)

Here O* is the sheaf of non-vanishing holomorphic functions. The long exact
sequence in cohomology gives us a coboundary map between the Picard group
Pic(M) = H!(M, 0*) and the second integral cohomology group of M:

c1: H'(M, 0%) = H2(M, Z). (1.3.59)

We define the first Chern class of a holomorphic line bundle L on M to be the element
c1(L) € H3(M, Z). We will sometimes write ¢ (L) € HﬁR(M, R) for the image of the
first Chern class under the map H?*(M, Z) — H3; (M, R).

As the coboundary map is a group homomorphism, we immediately have that

ci(L®L") =ci(L) +cq (L)

1.3.60
c1(L*) = —cy(L). ( )

Further, the naturality of the long exact sequence in cohomology implies that for
any holomorphic map f: M — N between complex manifolds and a line bundle
L € Pic(N), we have

cq1(f*L) = f*cq (L). (1.3.61)

We want to give now two alternative interpretations of the first Chern class of a
holomorphic line bundle L: as the class of the curvature form of any connection on
L or as the Poincaré dual of the divisor D associated to L.

Proposition 1.3.14. For any line bundle L on M and curvature form (),

V-1

(L) = [ -

Q] € Hig (M, R). (1.3.62)

Proof. Let us work in Cech cohomology. Consider a line bundle L with transition
functions g4p relative to the trivialization 4 = {Uy }. The cocycle g = {gu«p }
represents L and we can take f € CL(4, O) such that exp (2my/—1[f]) = [gl. If the U,
are simply connected, this is the cocycle given by

1
fap = 1 .
af 2my/—1 08 Jup
Since at the level of sections the map Z — O is just an injection, the element
representing the image of [g] under the coboundary map is just the Cech differential
z =d(f) € C2(8, Z):

Zapy = fpy — foy + Ty
= 1_ (log gpy —10g gay +log gpy) -
2my/—1
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Thus, c1(L) = [z]. On the other hand, as L is a line bundle, the curvature form
associated to a connection V on L is a well-defined global 2-form O € HﬁR(M, R).
Locally, for a fixed trivialization { of L with associated local frames o, it is given

by
Q=d0, — 04 A0y = db,.

Here we have used the fact that 6« is just a 1-form. On the overlaps, we simply
have 04 = 0g + dgugp - g;[la, so that

05 — 0o = —d (log gup) -

Note that Q) is given by a closed 2-form, while c¢; (L) isa Cech cocycle, so to compare
them me must explicitly write the de Rham isomorphism. Let us set A* and 2*
for the sheaf of real k-forms and the sheaf of real, closed k-forms respectively. The
de Rham isomorphism HﬁR(M, R) = H%(M, R) descends from the exact sequences

05R—C® %2150 02l A" 42250
as the composition of the coboundary isomorphisms in cohomology

HO(M, Z%) 5
HigR(M,R) = m L HY (M, 2h HY(M, 21) =2 H?(M, R).
)

In particular, we have that 61 ([Q)]) is the Cech coboundary of an element in Cou, 2
representing the locally exact form Q. As locally QO = d6,, we have

51([Q1) = [3({0a )] = [(6p — 04]] € H' (M, 21).
Similarly, as 0 — 04 = —d (log g«p ), we have
) (51([—(1])) = [S({ —log 9Jup })] = [_ log Jop + log oy — log gﬁY] € HZ(M> R).

Thus, ¢1(L) = %28, (51([Q))). 0

For the next proposition, it will be useful to introduce the differential operator
d¢ = —/—1(0 — 9). A simple computation shows that dd®* = —21/—109. This
relation will be useful in the following proof. Further, recall that to any irreducible
analytic k-subvariety V of a compact complex manifold M, we can associate its

Poicaré dual PD[V] € H3R~2¥(M, R). By linearity, we can define the Poicaré dual of
adivisor D =) ; a;V; as

PD[D] = ) a; PD[Vi] € HJR(M,R). (1.3.63)

Proposition 1.3.15. If L = O(D) for some divisor D € Div(M),
c1(L) = PD[D] € H3g(M,R). (1.3.64)
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1.3 - Complex vector bundles

Sketch of the proof. Thanks to the previous proposition, we can consider a curvature
form Q) on L associated to a Hermitian metric h and we just need to show that for
any real, closed form w € AP—2(M), havingset D =) ; a;V;,

a
—_— ONw= i .
27 JM @ ;al Jvi ©

As the Chern class and the Poicaré duality are both group homomorphisms, we can
suppose D =V for an irreducible hypersurface V. Fix a local trivialization and a
non-zero holomorphic section e. Set

h(p) = le(p)P?,

where the norm is given by the metric h. Then for any local holomorphic section s,
write s = Ae for a local holomorphic function A. We have

d(Isl*) = h(Vs,s) +h(s, Vs)
=h((dA +A0) ® e, Ae) + h(Ae, (AA +A0) ® e)
=Ah-dA+Ah-dA+ AR (04 0).

On the other hand,
d(Is?) = d(AMAh) = Ah - dA + Ak - dA + AP - dh,

so that we obtain 0 +0 = % = dlog(h). Remember that, in terms of the holomor-
phic frame e, the connection matrix is purely of type (1,0), so that we can simply
write 0 = 0 log(h). From the equation QO = d6, we find

~ v—1
QO =00dlog(h) = Tddc log(h).

This is the local expression for the curvature form. Consider now the local defining
functions { f } for the hypersurface V, associated to the cover { Uy } of M. They

determine a section s € H(M, L), vanishing exactly on V. For € > 0, set
De ={p € M| h,(s(p),s(p)) < e},

which for small € is a tubular neighbourhood of V. Fix a real, closed form w €
A?"=2(M). Then

]
M

— | OAw=lim —1J dd¢ loglslew = lim 1J d¢ log|s|2/\w.
21 M\D. oD,

e—0 4m e—0 47

Here Q = —L_dd¢ log Is|> on M\ D¢, as s does not vanish on it. Now, on U, we

21
have |s2| = fofyhq, so that

d¢loglsl* = —vV—1(dlog(f) — dlog(fs)) + d¢ log(ha).
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1 - Complex Geometry

It can be shown that the integral involving d¢ log(h«) tend to zero as € — 0. Further,

dlog(fy) = 0log(f«), so that dlog(fy) — dlog(fx) = 2¢/—1Im(dlog(f«)) and the
above integral reduces to

o]
M

1
— | ONw= limImJ dlog(fa) N\ w.
21 D,

e—0 27

Note that in the neighbourhood of any smooth point zp € V N U, we can find
a holomorphic coordinate system (w') such that w! = f. Split the differential
form as w = wpdw’ A dw’ + 1, where w’ = (w?,...,w") and every term of
contains dw! A dw! (it must contain both terms by reality assumptions). Then for a
sufficiently small polydisk A around zg

. . dw!
lim dlog(f«) A w = lim —F N\w
e=0JaD.nA e=0){wi=e}na W

1
= limJ wodll/\dw’/\dv'v’.
e=0Jiwl=enA w

For the integral in w! we can use Cauchy integral formula, obtaining 27tv/—1w (0, w’).
Thus, we have

lim J dlog(fa) A w =21y —1 J wo(0,w')dw’ A dw’
e=0JaD.nA {wl=0}nA
=2mv—1 J w.
vnA
Finally, we find

[ o= Lin(wv1] 0) [ o

O

The first Chern class is of fundamental importance in many applications, as the
Kodaira embedding theorem which characterises the compact complex manifolds
which can embedded into the projective space. This property comes from a particu-
lar feature of the hyperplane line bundle O(1) on P™: its first Chern class is positive,
where positivity has to be intended as follows.

Definition 1.3.16. Let w be a real form of type (1,1) on a complex manifold M. We
will say that w is a positive form if the symmetric tensor w(-, J-) is positive definite.
A real cohomology class, that is an element a € HﬁR(M, R) N H%*l(M), is said to
be positive if it can be represented by a positive form. In this case, we will often
write a > 0. An analogous definition can be given for real, negative (1,1)-forms and
negative cohomology classes.

Alternatively, the real (1,1)-form w = v—1wi;dz' A dZ) is positive when the
Hermitian matrix wiy is positive definite.
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1.3 - Complex vector bundles

Example 1.3.4. In the case of O(1), we have that ¢;(0(1)) = — [gﬂ} , with

V-1 1 §U(1+ |z?) — 2t LA as]
— 0= V=1 > Z fEuEaL dzt A dzl. (1.3.65)
:wﬁ

Since () is invariant under the transitive action of U(n + 1) on P™ and the positivity
is a pointwise condition, we can restrict ourself to the pointp =[1:0:---:0] € U,.
Thus, in p we find wi;(p) = %Idcn, which is clearly positive definite. In particular,

c1(0(d)) = —[d‘z/njlﬂ] has the same sign of d.

The notion of positivity can be extended to line bundle as follows.

Definition 1.3.17. Consider L € Pic(M). Then L is called a positive line bundle if
Cl(L) > 0.

Theorem 1.3.18 (Kodaira embedding theorem). Let M be a compact complex manifold,
L — M a line bundle. Then L is positive if and only if there exists an integer k such that
the map

e M — P(HO(M, L&K))*

P— { s € HO(M, L®K) ‘ s(p)=0 } (1.3.66)

is a well-defined holomorphic embedding. In this case, L is a said to be ample. Here P(V) is
the projective space associated to the complex vector space V and iy «x(p) is an hyperplane
of HO(M, L&k).

It can be proved that if L is a very ample line bundle over M, that is the above
integer can be chosen to be equal to 1, then L is isomorphic to the pull-back i O(1)
of the hyperplane bundle of P(HO(M, L®*))*. A standard reference for this result is
[Griffiths, 1984].
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Chapter 2

Kahler manifolds

The main topic of this section will be Kdhler manifolds and their properties. In the
tirst section we present the Kéhler condition and some characterisations, while in
the second section some rich aspects of these structures are shown via Hodge theory.
The basic references are [Voisin, 2002], [Székelyhidi, 2014] and [Huybrechts, 2005].

2.1 Kaihler metrics

In this section we introduce the important notion of Kéhler manifold, following the
presentation of [Voisin, 2002] and [Székelyhidi, 2014]. These are complex manifolds
with a Hermitian metric on the real tangent bundle, viewed as a complex vector
bundle via the natural almost complex structure J, with the a further condition
of compatibility between the Hermitian metric and the almost complex structure.
More precisely, we will show that a Hermitian metric h on the real tangent space
can be decomposed as

h=g—v-lw,

where g is a Riemannian metric compatible with ] and w is a real form of type (1,1).
A Kahler metric satisfies the further condition dw = 0. This is equivalent to the
condition for ] to be covariantly constant with respect to the Levi-Civita connec-
tion associated to g, or to the equality of the Levi-Civita and Chern connections
associated to g and h respectively. Another equivalent condition is the existence of
holomorphic normal coordinates.

While it is easy to show that every complex manifold admits a Hermitian metric
by using partition of unity, the Kdhler conditions is very restrictive. However, this
fact produces an extraordinary amount of symmetries, as we will see in the section
devoted to Hodge theory.

Lemma 2.1.1. Let M be a complex manifold, with natural almost complex structure | on
the real tangent bundle TM. There is a natural bijection between

1) symmetric, real-valued ((2)) tensors g compatible with |, i.e. g(X,Y) = g(Y,X) =
a(JX,JY) for every X,Y € X(M),
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2 — Kahler manifolds

2) Hermitian, complex-valued (g) tensors h, i.e. h satisfies the condition h(X,Y) =
h(Y, X) for every X,Y € X(M),

3) real-valued 2-forms w of type (1,1), i.e. if w is extended to Tc M by complex linearity,
then w(U, V) = 0 for every U,V € XH0(M) and for every U,V € X>1(M).

The correspondence is given by
h(X,Y) =g(X,Y) —vV—=1w(X,Y). (2.1.1)
If g is positive definite (or equivalently h or w), then M is called a Hermitian manifold.
Proof. Fix a symmetric, real-valued (g) tensors g compatible with ]. Define
h(X,Y) =g(X,Y) — vV=1g(JX, Y).

Clearly, h is a complex-valued (3) tensor. Further,

h(X,Y) = g(X,Y) — vV—=1g(JX,Y)
=g(Y,X) —vV—1g(Y,JX) since g is symmetric
=g(Y,X) —v=1g(JY, J*X) from the compatibility condition
=g(Y,X) +v—1g(JY, X) since J> = —id
= h(Y, X),

so that h is Hermitian. Fix now a Hermitian, complex-valued (g) tensor h. Define

w as (minus) the imaginary part of h: w = —Im h. Note that
w(X,Y) =—Imh(X,Y)
= —Imh(Y,X) since h is Hermitian
=+Imh(Y,X)
=—-w(Y,X).

Thus, w is a real-valued 2-form. Take now two holomorphic vector fields on M:

U=X—+v=IJX, V=Y —/—1JY. Then
w(U, V) = w(X,Y) —w(JX,JY) = V=1(w(X,]Y) + w(JX, Y)).

On the other hand, since h is Hermitian, we find that h(JX,JY) = h(X,Y) and
h(JX,Y) = —h(X,]Y), so that the same holds for w and

w(U, V) = w(X,Y) = w(X,Y) = vV=1(w(X]Y) — w(X,]Y)) =

The same argument hold for antiholomorphic vector fields, so that w is of type (1,1).
Finally, fix a real-valued 2-forms w of type (1,1). Define

Q(X) Y) = _w(]X)Y)a
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2.1 — Kdhler metrics

which is a real-valued (g) tensor. On the other hand, the above calculations show
that being of type (1,1) implies that w(JX,JY) = w(X,Y) and w(JX,Y) = —w(X,]Y),
so that
Q(X» Y) = —(U(IX,Y) = (U(X, IY)
= —(,U(]Y,X) = g(Y)X))

and similarly
g(JX, JY) = —w(J*X,JY) = —w(JX,Y) = g(X,Y).

Thus, g is symmetric and compatible with J.
It can be simply shown that the condition of being positive definite for g, h and w
are equivalent to each other. O

Remark 2.1.2. Note, that a Hermitian manifold is both Riemannian and Poisson,
with the further condition on the 2-form w of being positive definite. This form is
called the metric form associated to g or h. It can be shown that every complex
manifold admits a Hermitian metric, by arguments analogue to the Riemannian
case using a partition of unity.

Let us analyse the above constructions in local holomorphic coordinates (z'),
starting from a Riemann metric g compatible with J. Extending the metric to the
complexified tangent space, we define

o o 0 0o 0
93 =9 3202 ) Jgiy =9 202 ) 212
o o 0 . 0o 0 o
95 =9\2z000 ) =955 )
The compatibility condition implies that gi; = gy; = 0. Indeed,
o 0 0 0 0 0
9y =9 <azl’azl> =g <]azi’]azi> =g <V_1azi’ V_16z5> = —0ij-
Similarly for gi; = 0. Thus, we can write g = gy; dz'dz), where the sum over i and j

is intended. More generally, the compatibility condition for g implies that vector
fields belonging to the same J-eigenspace are orthogonal:

g(x"M),x"m)) =0,  g(x™'(M),x™(M)) =0. (2.1.3)
With analogous notation, we have from w(X,Y) = g(JX,Y) that
wij = wy =0, wiy = V—1gyy.
Thus, in coordinates we can write
w =/—1gi; dzt A dZ). (2.1.4)

Note that, as a consequence of the reality condition, gi; = gs;.

Let us discuss now the Kahler condition.
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2 — Kahler manifolds

Theorem 2.1.3. Consider a Hermitian manifold (M, g). We say that g is a Kahler metric
if one of the following equivalent conditions holds:

1) V9] =0, where V9 is the Levi-Civita connection associated to g,
2) the metric form w is closed: dw = 0.

In this case, w is called a Kéhler form. A complex manifold M together with a Kihler
metric on it is called a Kéhler manifold.

Proof. Let us simply set V = V9. We know that for every X,Y,Z € X(M),

dw(X,Y,Z) = dxw(Y, Z) + dyw(Z,X) + dzw(X,Y)
~w(1X,1,2) — w(lY, 20, X) — w(1Z, ], X).

On the other hand, as V is compatible with g,

oxw(Y,Z) = aXQUY Z) 9(Vx(JY),Z) + g(JY,VxZ)
=g((VxY, Z) + g(J(VxY),Z) + g(]Y, VxZ)
= g( ) + w (VxY Z) + (U(Y sz)

Similarly for the other terms, so that
dw(X, Y, Z) = g((vXI)Ya Z) + 9((VYJ)Z> X) + g((vZI)X) Y)
+ LU(VXY, Z) + (U(Vyz, X) + (,U(sz, Y)
+ w(Y,VxZ) + w(Z,VyX) + w(X,VzY
—w(X,Y,Z) — w(lY, Z},X) — w([Z, Y], X)

and, from the fact that V is torsion-free and w skew-symmetric, the above expression
reduces to

dw(X)Y>Z) = 9((VX])Y) Z) + g((vY])Z) X) + g((vZDX>Y)

Now it is clear that if V] = 0, then w is closed. On the other hand, consider the
expression

+9((VvNZ,X) = g((Vy¥))Z,]X) 2)
g((VzIX,Y) =g((VZ])IX,JY).  (3)

Let us rewrite (3) in a more convenient way. Note that (Vz])JX = -V zX—-]J(Vz]X),
so that

(VZD)X,Y) = g(VzX,]Y) — g(J(VZ]X),]Y)
(VZ))X,Y) = g(VzX,JY) — g((VZ]X),Y)
(VZ])X,Y) — gvzx,IY)—g((sz)X,Y)+9(I(VZX),Y)
g
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On the other hand,

(1) = g(VxJY,Z) = 9(J(VxY), Z) + g(VyxY, Z) + 9 (J(Vyx]Y), Z)
=g(VxIY,Z) + g(VxY,]Z) + g(VjxY, Z) — g(Vjx]Y, ] Z),

(2) =9(VvJZ,X) —g(J(VvZ),X) — g(Vyv]Z,]X) + g(J(VyvZ),]X)
=g(VvJZ,X) + 9(VvZ,]X) — g(Vv]Z,]X) + g(VjvZ,X)
=—9(JZ,VyX) — g9(Z,Vv]X) + 9(JZ, Viv]X) — g(Z, VjvX)

+0vg(JZ,X) +9vg(Z,]X) — 95vg(JZ,JX) + 95vg(Z,X)

=—g(VvX,JZ) — g(VvIX,Z) + g(VvIX,]Z) — g(VjvX, Z).

As a consequence,

M+ ) = g(IX,JY1,Z) + 9(X,Y1,]Z) + g(JX, Y1, Z) — (X, JY],]Z)

as for integrable almost complex structures, the Nijenhius tensor vanishes. Thus,
we finally have

so that dw = 0 implies V] = 0. O
Remark 2.1.4. In local holomorphic coordinates (z}), the Kdhler condition reads

agij _ agki
0zk ozt -’

(2.1.5)

Note that the closedness condition for w implies that every Kdhler manifold is
actually symplectic. In particular, we have the volume form

n

Volg, = % € H3L (M, R). (2.1.6)

A topological consequence is that every compact Kdhler manifold (or more generally,
every compact symplectic manifold) has non-trivial second cohomology group: if
by contradiction w = d«, then

O<n!Volw(M):J (doc)“:J d(a A (d)™ ) =0.
M M

As a consequence, S can not admit a Kahler structure (apart from S?, it was the only
sphere with an almost complex structure by the result of Serre and Borel), while in
the next example we will see that S* = CP! is actually Kahler. In section 2.2 we will
analyse more topological constraints on compact Kdhler manifold.

In the following we will talk about “Kédhler metric” for both the Riemannian
metric or the Kdhler form without ambiguities, since in the Kéahler world one
determines the other. Let us see some examples.

41



2 — Kahler manifolds

Example 2.1.1. The complex space C™ is obviously Kéhler, with the Euclidean metric
defined by

V1 & ) )
W= Y dzt Adzt (2.1.7)
i=1

Another example is a complex curve: since every complex manifold admits a
Hermitian metric and, for complex curves, the third cohomology group vanishes,
then every Hermitian metric is actually Kahler. Thus, in dimension 1 being Kéhler
is a topological property.

Let us construct a Kdhler form on the complex projective space P™. Consider the
projection 7t: C™**1\ {0} — P™ and, for a sufficiently small open set , fix a local
holomorphic section

s: U— C™\{0}, mos =idy. (2.1.8)

A section of this type always exists, take for example on the open sets U; of the
standard cover the sections

Z
Define now the local 2-form
v—1 .
wly = ~-—0dlog ||s||?, (2.1.10)

27

where ||-|| is the standard norm in C™*!. Comparing the formula with the curvature
of the natural metric on the tautological bundle O(—1) defined in Example 1.3.3
and the formula for the curvature of a line bundle (see Proposition 1.3.15), we
immediately have that w is a Kdhler metric. However, let us explicitly check the
needed properties. Firstly, note that the definition is well-posed, since s has values
in C**t1\ {0}. In local coordinates, we have

vV—1 0?2

A | 2dzt A dZ 2.1.11

wly =

so that w(y is a real form of type (1,1) on each U. Let us show that the form does
not depends on the choice of the open set and the section. For a different section s’
on U/, write s’ = fs with f a holomorphic function on the overlap U N U’. Then

w'ly = Z;Ttlaélog 1] = Z;Trlaélog 1] + wly. (2.1.12)

On the other hand, writing ||f ||2 =f-f
00 log Hfs||2 =00logf—0ddlogf =0, (2.1.13)

as dlog f = 0 for f holomorphic and dlog f = 0 for log f antiholomorphic. Thus,
w'lus = wly and we have a global real form of type (1,1). Note that it is closed, as
it is locally exact:

wly =d <V2;1 dlog ||s\2> . (2.1.14)
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2.1 — Kdhler metrics

The positivity has been check in Example 1.3.4. The Kédhler metric so obtained is
called the Fubini-Study metric on P™.
It is interesting to note that the quaternionic projective spaces

Hn+1 \{0}
HP" = ——————
Q~AQ ’

are not Kéhler, since the second cohomology group vanishes, in contradiction with
the previous remark about compact Kdhler manifolds.

A e H* (2.1.15)

We can show now another useful characterisation of the Kihler condition: the
existence of holomorphic normal coordinates.

Theorem 2.1.5. Let M be a complex manifold and consider a Riemannian metric g com-
patible with the complex structure. Then g is Kihler if and only if for every point p € M
there exist local holomorphic coordinates (z') centred at p, such that

giy = 83 + O([z1%). (2.1.16)

Proof. Clearly, if there exists such coordinate systems, then dw|, = 0 for every point
P € M, so that the metric is Kdhler. Conversely, suppose that w is Kdhler. With a
holomorphic coordinate system centred at p, we can perform a holomorphic change
of coordinate such that g;5(0) = ;. Thus, we can write

w = ﬁ(éij + aijkzk + aijkzk +0 (\z|2)> dzt A dz).
Note that the reality and Kéhler conditions imply that
A5k = Gjik, Qijk = Akji-
We perform now a quadratic change of variable:

k k T.,,8
zm=wW" — Ebkrsw wo, bkrs = bksr-

A simple computation shows that
w=+v-1 (61»5 + (arsk — bskr WS + (aper — brs ) WS + O(lez))dwr A dws.

Let us choose by = arsk. Then the symmetry requirement on b is ensured by the
Kéhler condition on a, while thanks to the reality condition b,xs = Ggrk = a ;.
Thus, we find

w = \/—71(2%S + O(Iw|2)> dw' A dw?.
L]

Remark 2.1.6. Note that also in Riemannian geometry we can always find local
normal coordinates. The crucial point in the Kahler case is that such normal coordi-
nate system is also holomorphic. The above theorem shows that the holomorphic
condition on the normal coordinates is actually equivalent to the Kéhler condition.
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An immediate corollary of the existence of normal holomorphic coordinates is
the equality between the symplectic volume form induced by w and the Riemannian
volume form induced by g.

Corollary 2.1.7. Let (M, w) be a Kiihler manifold. Then the volume form Voly, = <7
coincides with the Riemannian volume form.

Proof. We can check the statement pointwise. Fix a point p € M and holomorphic
normal coordinates centred at p. Then the Kihler forminpis w = v/—13_; dz'Adz?,
so that

Voly, = (V—1)"dz' Adz! A+ Adz™ A dzh
=2"dx! Adyl A Adx™Ady™,

as dz'A\dzt = —2v/—1dx!Adyt. On the other hand, from giy = dyjand gi; = gy =0,
a simple computation shows that

0 0\ 0 0 _ 5.
g It o =dg @’a@ = 20ij,
0 0

—— | =0
9(6)("6131)

Thus, the matrix of g associated to the basis { 9/oxt, 9/ay! } is 2Idgon. In particular,
the square root of its determinant is 2™, so that Vol is the Riemannian volume
form. O

Remark 2.1.8. Note that in local holomorphic coordinates (z1), we can write
Voly, = (vV—1)"det(g) dz! Adz! Ao Adz™ A dz™, (2.1.17)
where det(g) = det(giy)1<i,j<n-

The last characterisation of the Kdhler we want to introduce is the relation
between the Levi-Civita connection of g and the Chern connection of h.

Theorem 2.1.9. Let M be a Hermitian manifold, with Riemannian metric g and associated
Hermitian metric h. Then M is Kihler if and only if the Levi-Civita connection V9
associated to g coincides with the Chern connection V™ associated to h.

Proof. Suppose that g is Kdhler. We firstly note that the complex extensions of the
Levi-Civita and Chern connections coincides in the case of the standard Euclidean
metric on C™, since in both cases they are determined by vanishing connection
matrices with respect to the natural trivialization of the complex tangent bundle
of C™. Further, in both cases the connection matrices at a point depends just on
the the local expression of the metric up to first order. From the previous lemma,
we can choose local coordinates around each point such that the Kéhler metric
is the standard Euclidean metric up to first order. Thus, the matrices of the the
connections coincide at each point as they do for the the metric on C™, proving that
VI =vh
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Suppose now V9 = V. We know that, by definition, ] is covariantly constant with
respect to the Chern connection:

VX =JV'X  vX e x(M),

as it must be C-linear. Thus, | is covariantly constant with respect to the Levi-Civita
connection, so it is Kihler. O

The Kihler condition carries many symmetries with it. Let us see, for example,
the simplifications on the Christoffel symbols. Set
0 0
a' - a‘ -
Yozt Yozt (2.1.18)
vl ZVai, vi:vai)

for V the Levi-Civita connection extended to TcM by complex linearity. Define the
Christoffel symbols i
Vidj =T 0 + 5 0 (2.1.19)

and similarly for the other combinations.

Lemma 2.1.10. The only non-vanishing Christoffel symbols are the non-mixed ones: F{?
and Fﬂ; Further,

rk —g<digs, TR =TE. (2.1.20)

1 ij

Proof. We have that

1 1 .-
s = =g (3igsr + 059vi — 0rgiy) + Egkr(aigj? + 05951 — 0r9ij)

1 ..
= Egkr (ajgfi - afgij) =0,

where in the last two steps we have used the fact that mixed metric elements
vanishes and the Kdhler conditions. Similarly for the other mixed symbols. With
the same procedure, we find

rl; = gkf‘aigj‘ﬁ ri]% == gETa{g]—r.
Finally, thanks to the reality condition,
Tl = g5 digjr = 9" 39y = T

O

Other simplifications for a Kdhler metric can be shown for the Riemann curva-
ture tensor.

Definition 2.1.11. Let (M, g) be Kéhler. Define the Riemann curvature tensor as
R: X(M) x X(M) — T'(End(TM)),

R(X,Y) = [Vx, Vy] = Vix,y- (2.1.21)

We extend R to TcM by complex linearity.
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2 — Kahler manifolds

Lemma 2.1.12. Let (M, g) be Kihler. Then
g(R(X,Y)Z,W) = g(R(X,Y)]Z,]W). (2.1.22)
Further, if Z and W belongs to the same J-eigenspace, then g(R(X,Y)JZ,JW) = 0.
Proof. As ] is covariantly constant, R(X, Y)JZ = JR(X,Y)Z. Thus,
g(R(X,Y)JZ,JW) = g(JR(X,Y)Z,JW) = g(R(X,Y)Z,W).

The second statement follows from a previous remark about the orthogonality of
J-eigenspaces. O

For a fixed holomorphic set of local coordinates, set
Rijki = 9(R(0x, 07)04, 95)
and similarly for the other combinations.

Corollary 2.1.13. Let (M, g) be Kihler. The only non-vanishing elements of the Riemann
curvature tensor are Ry and those obtained from Risy1 by symmetries of R. Further,

Rijkt = 9% (01 9is) (019ry) — 0101935 (2.1.23)

Proof. From the previous lemma and the symmetries of the Riemann curvature
tensor, we obtain the first statement. Using the fact that mixed Christoffel symbols
vanish, we find the expression in local coordinates:

Rijkt = 9((VkV1 — ViVy)oi, a]-)
= —g(Vi(Mfdr),95) = —g((31TF ), 05)
= *(air{k)gri-

Recall the expression 7, = g"*0;igxs, so that
Rijki = —(0197°)(019ks)gry — 97° (0101 9ks) gry
0igks)(01gry) — 010igxs

g (
= 9"* (01 9is)(019r;) — 0019y,

where in the last step we used the Kéhler condition. O

Definition 2.1.14. Let (M, g) be a Kédhler manifold. For a fixed local holomorphic
chart (z'), define the Ricci form

Ric = V—1R,jdz" A dz, (2.1.24)
where Ry = gYR 1
Lemma 2.1.15. The Ricci form is a closed, real 2-form, with

Ry i = —01 01 log (det g), (2.1.25)

where det g = det(gij)i<i,j<n-
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2.1 — Kdhler metrics

Proof. Assuming the expression for R, i, we immediately have that Ric is real and
closed, since locally exact:

Ric = —v/—100 log (det g) = —v—1d0d log (det g).
To prove the local expression, firstly note that we can rewrite R, ; as follows:
Ryt = 979" (3kgis) (919+7) — g0k 0194y
= —g7(9kg"%)gis(01gr7) — Ok (g d1gi5) + (3% g") (31917

= —01(g7d1917)-
So we just need to prove that 91 log (det g) = gYd1gi;. Observe that
1 odetg
07 log (detg) = 01945 .
1 Og( e 9) detg( 191)) ag1j

With the Laplace expansion along the jth column, we find

odetg ) «— .
= (=1)*Y 915Gy
091 0915 kZ_l e

= (—1)'"Gy; = (detg)g’t = (detg)g".

Here Gy is the (k,7)-minor of g, which does not depend on gi;. Thus, we have the
formula we were looking for. O

It turns out that the cohomology class of the Ricci form does not depend on the
metric, so that it defines an invariant of the complex manifold M: the first Chern
class.

Proposition 2.1.16. Let (M, g) be a Kihler manifold. The cohomology class of the as-
sociated Ricci form is an invariant of the complex manifold M, called the first Chern
class:

(M) = % [Ric(g)] € H3r(M,R). (2.1.26)

Proof. Let h be another Kédhler metric on M. Then

— det
Ric(g) — Ric(h) = —v/—133 log ditﬁ-

Although the determinant of a metric is not a globally defined function, the ratio is
a positive, globally defined function. Indeed, for a change of coordinates z! — z't,
we have
dz'% 9zt ,
95 = 357 o5 %0

so that detg = ]det %—2/!2 detg’. The same holds for h, so that the ratio is well-
defined. As a consequence, the difference between Ricci forms associated to different
Kéhler metrics is a global exact form:

Ric(g) —Ric(h) =d <—\/—1510g jg:ﬁ) )
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2 — Kahler manifolds

The normalization factor is due to the fact that ¢;(M) is actually an integral
cohomology class, which coincides with the first Chern class of the anticanonical
line bundle of M, defined in section 1.3.2:

c1(M) = —c1(Km). (2.1.27)

This is a consequence of the fact that a Hermitian metric g on M induces the
Hermitian metric det(g) on the line bundle K}, = AMTHOM, whose curvature form
is given by Q = —099 log(det g) = —v/—1Ric. Thus,

v—1

mk]ZAE;{Q}:cﬂKﬁ):—fﬂKM)

1

c1(M) :%

The first Chern class is of fundamental importance in the famous Calabi-Yau theo-
rem, conjectured by Calabi in [Calabi, 1954] and definitely proved by Yau in [Yau,
1978].

Theorem 2.1.17 (Calabi-Yau theorem). Let (M, wq) be a compact Kihler manifold, oc a
closed, real form of type (1,1) representing c1(M). Then there exists a unique Kihler form
w such that (w] = [wo] and

Ric(w) = 2max. (2.1.28)

The theorem can be derived by Yau’s theorem on the complex Monge-Ampére
equation: for a compact Kdhler manifold (M, w), consider a smooth function
F: M — R. In terms of the “Kéhler potential” ¢ for w (see the d0-lemma 2.2.18), the
equation reads

(w—+v-133¢)" =eFw™.
Yau's theorem shows that a solution to the complex Monge-Ampere equation always
exists. More precisely:

Theorem 2.1.18 (Yau theorem). Let (M, w) be a compact Kihler manifold, consider a
smooth function F: M — R, normalized as

J eﬂw1:J w™. (2.1.29)
M M

Then there exists a smooth function ¢: M — R, unique up to an additive constant, such
that w + /—190¢ is positive and satisfies the complex Monge-Ampere equation

(w+V—133¢)" = efw™ (2.1.30)

A consequence of Calabi-Yau theorem is that on a compact Calabi-Yau manifold,
that is a Kédhler manifold with vanishing first Chern class, every Kahler class
contains a unique Ricci-flat metric. This is a particular example of Kihler-Einstein
metric, i.e. a Kdhler metric w whose Ricci tensor is proportional to the Kéhler form:

Ric(w) = Aw for some A € R. (2.1.31)

Note that a necessary condition for the existence of a Kdhler-Einstein metric is that
the first Chern class is either definite for A # 0, or vanishes for A = 0. The case
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2.1 — Kdhler metrics

A = 0 on compact manifolds is a corollary of the Calabi-Yau theorem, so that the
above necessary condition is also sufficient on Calabi-Yau manifolds. In the case
c1(M) < 0 the above condition is again sufficient, accordingly to the following
theorem due to Aubin and Yau (see [Aubin, 1978; Yau, 1978]).

Theorem 2.1.19 (Aubin-Yau theorem). A compact Kihler manifold with negative first
Chern class admits a unique Kihler metric w € —2mc1(M) such that Ric(w) = —w.

The case of Fano manifolds, that is Kdhler manifolds with positive first Chern
class, is the most complicated one. Here algebro-geometric obstructions occur and
the existence of Kédhler-Einstein metrics on Fano manifolds in relation to stability in
the sense of geometric invariant theory was conjectured by Yau, Tian and Donaldson.
The conjecture was recently solved by Chen, Donaldson and Song in the series of
papers [Chen, Donaldson, and Song, 2015a,b,c]. We refer to [Székelyhidi, 2014] for
further readings.

Another important object is the scalar curvature associated to a Kdhler metric.

Definition 2.1.20. Let (M, g) be a Kdhler manifold. For a fixed local holomorphic
chart (z!), define the scalar curvature

S = gJRy;. (2.1.32)
It is a globally well-defined smooth function on M.

Example 2.1.2. Let us compute the Ricci form of the Fubini-Study metric on P™.
From Example 2.1.1, we have that on U; the metric can be written as

1 1 8y (1+2P) —z'2

— ~93:0-loe (1 2y - — Y 2.1.

9U = 5 %9 og (1 +12f) 27 (1+z2)? (2.1.33)
Thus, from the matrix determinant lemma’, we find
1 1 z48i;2) n 1 1
detg = - 1+122)" = .
9T 2 (1 ( 1+ |z|2> A+ = o T e

(2.1.34)

Asa consequence,

Ri; = —09; log <(1+|21|2)n+1> = (n+1)3:9;log (1 + z*) = 2n(n + 1) gy;.
(2.1.35)
Further, we find that the Fubini-Study metric on P™ has constant scalar curvature
Srs = 2ntn(n + 1). Note that the metric form satisfies the Kdhler-Einstein equation
Ricps = 27mt(n + 1)wps. Thus, the projective spaces are Fano manifolds and the

IThe matrix determinant lemma states that for a invertible matrix A, a column vector v and a row
vector u, we have
det(A +vu) = (1 +uAlv)det(A).
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2 — Kahler manifolds

Fubini-Study metric is an example of Kihler-Einstein metric.
We can also compute the volume of P™ as follows:

Volgs(P™) = J (vV—1)"det(g)dz! Adz! A--- Adz™ A dz™

1 1
= — dIAdyt Ao A AT A dy™
JRznnnuﬂ(x,y)P)nH" & AR

2 +o0 T‘mel
(n—1)! Jo (14 r2)n+t

dr.

A simple computation shows that the integral equals 5>, so that

1

Volgs (™) = —. (2.1.36)

In particular, [p. [wrs]™ = 1.

2.2 Hodge theory

By the de Rham theorem, we know that the de Rham cohomology groups of a
smooth manifold are a topological invariant. However, if a compact manifold is
equipped with a Riemannian metric, we can exhibit natural representatives: the
harmonic forms. In this section we will develop the theory of harmonic forms
on compact Kdhler manifolds, following [Huybrechts, 2005] and [Voisin, 2002].
Thanks to the Kédhler identities, Hodge theory on Kédhler manifolds presents an
extraordinary amount of symmetries. This fact will allows us to prove the Hard
Lefschetz theorem and the Lefschetz decomposition formula in cohomology, leading
to topological constraints that a compact Kahler manifold must satisfy.

Consider M be a complex manifold. Let us gather some of the linear operators
defined on the fibres of the bundles A*TZM and APT*1LOM @ A9T*OIM. We will
call a generic fibre of these bundles as Af and AP>9 respectively. We will have

2n
AL =P AE, A= @ AP (22.1)
k=0 p+q=k

and analogously for the real counterpart A®. The following operations can obviously
be extended to smooth sections of proper bundles.

Conjugation. The complex structure defines the conjugation

AP>d N Aq>p

_ (22.2)
X — K.
Projection operators. We have already defined the projection operators
AL — AE
(2.2.3)

ﬂp)q: /\(I.: N /\psq‘
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2.2 - Hodge theory

They satisfy the relations 7% = 7% and 7tP>9 = TP,

Almost complex structure. The natural almost complex structure on Tc , M can be
extended to the wedge products as

J: A& — AK, (2.2.4)

where (J&)(X1,...,Xx) = x(JX1,...,JXk). Note that J> = (—1)*id. On elements of
type (p, q), we have the expression

Jao = (V-=1)P" 9. (2.2.5)
Type operator. Define the type operator H: Ag — AL as
2n
H=) (k—n)r*. (2.2.6)
k=0

Note that H = H.

Hodge dual. A Hermitian metric on T¢ , M defines a Hermitian non-degenerate
paring (-, ) on AP>9 x AP>9 as

(o, B) = QIKQILOCI]m~ (2.2.7)
where we have set
) B1y = By kgl Ty (2.2.8)
gIK _ gilkl L gipkp) gIL — 97111 . giqlq_

On the other hand, we have the non-degenerate pairing AP>9 x A""P"=4 — C
given by the wedge product. Thus, we define for 3 € AP>9 its Hodge dual as the
unique element 3 € A" P> 9 such that

a A\ *B = (a, B) Vol Voo e AP (2.2.9)

where Vol is the metric volume form restricted to the fibre. For a compact Hermitian
manifold, we obtain a Hermitian product on A% (M) integrating over M:

(o, B) ZJM“A*B- (2.2.10)

The induced norm will be denoted by

1

o = (JM oc/\*ac>2. (22.11)

Note that the Hodge dual is real and, up to a sign, is self-adjoint and involutive.
More precisely, ¥x = x& and acting on Af we have

(xa, B) = (=1 (&, %B), w2 = (—1)*id. (2.2.12)

We will see that the product (-, -) can be used to define some useful adjoint operators
on compact Kdhler manifolds, namely the dual Lefschetz and the dual del and del-
bar operators.
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2 — Kahler manifolds

2.2.1 Lefschetz operators and primitive forms

In this section, we will present the Lefschetz operator, defined specifically on Kadhler
manifolds (which for simplicity are assumed to be compact) and the Lefschetz
decomposition theorem. These are just algebraic constructions, so we will still
proceed working on fibres.

Definition 2.2.1. Let (M, w) be a compact Kdhler manifold. With the above notation,
we define the Lefschetz operator as the twisting by the Kahler form:

L: /\p)q 3 Ap+1,q+1

2 —s WA (2.2.13)
The formal adjoint of L is called the dual Lefschetz operator:
A: AP 9 —5 AP—LA—L (2.2.14)
Note that both operators are real: L =Land A = A.
Let us find a closed expression for the dual Lefschetz.
Lemma 2.2.2. The following equality holds:
A=s*1Lx. (2.2.15)

Proof. We have that
(o, LB) Vol = (LB, ) Vol = w A B N x&.
As wisa2-form, w A 3 = 3 /A w. Thus, using the fact that w, L and = are real,

(o, LB) Vol = B A x(x 1w A xx)
= (B,* 'L * &) Vol
= (x L%, B) Vol.

O

We are ready to show that the Lefschetz operators defined on AZ. or A®, together
with the type operator H, form a Lie algebra representation of s((2,C) and s[(2,R)
respectively.

Theorem 2.2.3. The maps s1(2,C) — End (A) and s[(2,R) — End(A*®) defined by

0 1 00 1 0
<0 0>H>L, (1 O)H/\, (0 _1>HH, (2.2.16)

are Lie algebra morphisms, for both the complex and real cases.
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2.2 - Hodge theory

Proof. Let us focus on the complex case, as the real one is completely analogue. We
just need to check that

[H, L] = 2L, [H,A] = —2A, [L,LA] =H.
For o € /\(‘é, we have
HLJa=(k+2—n)La— (k—n)Lax =2Lx

and similarly for [H, A] = 2A. The interesting part is the computation of [L, A]. We
can perform induction on the dimension n. For n = 1, we have the decomposition
AL = /\% & /\(%: @ /\é Further,

LIA%:lew /\|A0C:/\|A}::0

Thus, we find

[, Allpo = —All o = —id = (0~ 1)id = H| o
[, Allq, = 0= (1—1)id = Hl s
L, Allp2 = LAlxe =id = (2—1)id = H] 2.

This proves the theorem for n = 1. For n > 1, choose a non-trivial g,-orthogonal
decomposition of Tc ;M = W; © W, with J(W;) € W;. Such decomposition
always exists: take for example the holomorphic tangent space and its orthogonal
complement. Then
AL = (ATWY) @ (A*W3)
and AZ will be generated by split forms «; ® o, with a; € A*W?. Let us prove
that w splits:
w = wi D wy, wj € /\ZW{".

Indeed, the orthogonality of Wi and W, implies that g, = g1 ® g», with g; a
Hermitian product on Wj, while the requirement J(W;) C Wj implies that ] = J1®]»
with J; € End(Wj). Since w(X,Y) = g(JX,Y), we have the decomposition for w. As
a consequence,

L=1[ ®id+id®L,.

Further, as (¢ ® g, B1 ® B2) = (a1, B1) (02, B2), we obtain that
A=A ®id+id @Ay,
with A; the dual Lefschetz of L;. By induction, we have the thesis. ]
Corollary 2.2.4. On A or AX, we have
LA =r(k—n+r—1)L" L (2.2.17)
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2 — Kahler manifolds

Proof. We proceed by induction on r. For r = 1, it follows from the previous theorem.
Suppose now that the formula holds for r — 1. Then for « € Af or A¥, we have

L(L"'Aa) — (AL)L"

L(L"'A) = L(AL" 'a) + (LA)L" T — (AL '

(
L(

LIL™ Y Al + [L AL T
(r=Dk—n+r—2)+(k+2(r—1) —n))L" '«
rk—n+r—1L '«

Here we used the fact that L™ 1« € /\k+2 T 1) O

Corollary 2.2.5. Let o € AE such that Ao = 0. Then the linear space
span{ &, Loy, ...,L"Pa } C A2 (2.2.18)
is a subrepresentation of s((2, C). The same holds for the real case.

Proof. Certainly, the linear space is preserved by H, since its generators are homoge-
neous elements in the graded algebra Ag. For L there is nothing to prove. For the
dual Lefschetz,

ALTo = Lr&—[Lr,/\]oc =—r(k—n+r—1L o
=0

O]

The previous corollary suggests the importance of elements in the kernel of A.
Indeed we will see that, together with the Lefschetz operator, they determine the
whole algebra Ag.

Definition 2.2.6. Let us set
PE oM = ker (A: AKTE M — AR2TE M), (2.2.19)

As A has constant rank, P]é)p M actually forms a bundle, denoted by P]éM. We set

PEM = (P PEM. (2.2.20)
k>0

A section of P}é M, i.e. an element o € A]é(i\/l) such that Ax = 0, is called a primitive
k-form. Similar definitions can be given for the real case.

Denote with P a generic fibre of PEM. We are ready now to state the bundle
Lefschetz decomposition theorem, which still holds at the level of fibres and con-
sequently at the level of sections. The theorem will allow us to prove the useful
Weyl'’s formula, which relates the Lefschetz operator and the Hodge dual.
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Theorem 2.2.7 (Bundle Lefschetz decomposition theorem). The following orthogonal
decomposition holds:
AE=EPLpE. (2.2.21)
>0

Further,

1) PE=0fork>n,

2) the map [k, P}é — A?C“*k is into for k < n,

3) the map L"—%: AK — AZV"* is an isomorphism for k < m,

4) an element « € A for k < nis primitive if and only if L%l = 0.
The same results hold in the real case.

Proof. We know that s[(2,C) is reductive: every representation of sl(2,C) is the
direct sum of irreducible subrepresentations. Firstly, let us show that for « € P§,
the space

span{ «, La,...,L"%Pa } C A2

is an irreducible subrepresentation (note that, considering 3, Aj3, A?B,... we can
always find a primitive element by dimensional arguments). Indeed, consider a
non-trivial subrepresentation U of the linear span. Then L™« € U for certain r > 0.
If r = 0, then U coincides with the linear span; if r > 0, then L*« € U for s > r and

1

L?‘*l —
x rk—m+r—1)

L7, Al

proves that L'« € U and, by induction U coincides with the linear span. Since
every such space is an irreducible representation, we have the decomposition. We
need to check the orthogonality. Fix r > 0; we want to prove that (L', L*3) = 0 for
any s. We perform induction: for o« € P& 2" and B € P,

(L', B) = (L' 1o, AB) =0

since {3 is primitive. Suppose that we have the orthogonality for s — 1. Then, for
B e P&,

(L', L°B) = (L™ 'or, AL*B)
= <Lr’10c, LSAB) —s(k—m—s—1) (erl(x, L571[3> =0.

This proves the first statement.

1) Fix now « € P}é with k > n. Choose r minimal such that L"« = 0. Then

LAl =r(k—n+1r—1)L" lq,
£0

while [L", Al = 0 since both operators annihilate . Note that if r > 0, then
k—n+1—1 > 0, which is a contradiction. Thus, r = 0, thatis o« = 0.
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2) Let us prove now that L™ * restricted to P§ is into. Fix « € P§, a # 0, with
"k = 0. Choose T minimal such that L™« = 0 (note that r > 0). Then, as before,

0=[L" Ala=rk—n+r—1)L"
sothatk—n+1—1 =0, ie. r = n—k+1. By minimality of the exponent, L™ %« # 0,

contradiction. This also proves that if a € P, then L™ *+1a = 0.

3) The isomorphism given by L™ ¥ follows from the decomposition and the fact
that there are no primitive elements for k > n.

4) We just need to prove that if an element o € Ak is such that L™ * "l = 0, then «
is primitive. Note that

[V 2Aq = LV K2 A — ALY K2 since L kg =0,

= [V * 2 AJoe = c L™ * 1 x = 0.

But Axisin AE_Z, which is in bijection with /\8_k+2 via L™ **2 Thus, Ax = 0, i.e.
« is primitive. O

Remark 2.2.8. The above isomorphisms can be schematically pictured as follows.

>:

AR AT AR ARTE AR
\%/!
L

Further, as the operators L, A and H are pure operators of type (1,1), (—1,—1) and
(0,0) respectively, we have that the Lefschetz decomposition is compatible with the
type decomposition. More precisely, we have

PE= P P, (2.2.22)
pt+g=k

where PP>4 = PENAP>9 and PP»d = P9 P and the Lefschetz decomposition theorem
can be written as
AP =HLrpP AT (2.2.23)

>0
Proposition 2.2.9 (Weyl’s formula). For every o € P,

k(k+1) !
'a=(-1)"2 — [k Tq 2.2.24
* Lo = (—1) o Jou ( )

Proof. We perform induction on n. For n = 1, we can split A% = A2 @& AL & AZ,
where

/\?C = (1), AL = (dx, dy), Aé = (w).
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Further, P2 = A2 and P = A{.. We just to need to check Weyl’s formula for r = 0,1.
Take r = 0 and k = 0. We have to prove that *1 = LJ(1). Indeed, LJ(1) = w, while

x1 =dx N\ dy = w.

For k = 1, we have xdx = dy and xdy = —dx, while J(dx) = —dy and J(dy) = dx,
so that
*dx = —J(dx),  *dy=—]J(dy).

The case r = 1 is similar. We proceed now by induction: for n > 1, choose a
non-trivial gp-orthogonal decomposition of Tc ,M = W7 & W, with J(W;) C W;.
Then the Lefschetz operators split as

L=1 ®id+id®L,, A=A ®id+id ®A,.
Moreover, for a split form oy ® xp, with a4 € /\kiW{‘ ,
(g ® ap) = (1)1 (xo) ® ().

In order to understand the explicit form of primitive elements, we can suppose
dimc W, =1, so that W; = (dx, dy). Such decomposition always exists: take W, as
a one-dimensional J-eigenspace and W, its orthogonal complement. Then « € P
can be written as

x=B+y' @dx+vy"®@dy+8®w,

where w = dx /\ dy (we have omitted ®1 for f3). Since Ayl = Aydx = Axdy =0,
MAw =1, we find

A=A B+ANYy @dx+ Ay @dy + A0 @ w+ 8.

By degree arguments, from Ax = 0 we find

AP +6=0,
/\1‘}// = /\1YN = /\16 =0.

Soy’, y" and & are primitive, while in general 3 is not. However, note that A?3 = 0.
By Lefschetz decomposition theorem, we can write

B = Z L™ Nk_2r, Nk—2r primitive elements in /\k_er{‘ .
>0

The condition A2 = 0 implies that B = B’+1L18’, with the relation 5 = (k—m—1)8’.
Collecting all together, we write

x=B+Ld+y @dx+y"®@dy+ (k—n—-1)8 ® w,

with B,v’,v", d primitive (we removed the prime in 3 and ). In this way, we have
“parametrized” primitive elements in A% with those in A*W7. Now, as dim¢ W, =1,
we find

L'=L]@id+rL] ' ® Ly,
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2 — Kahler manifolds

so that (writing simply { instead of L;)
La=0B+0"5+r(0""B)@w+r{d)®@w+ (('y') ® dx+
+({@y")@dy+ (k—n+1) (") ® w
— ETB +€T+16 + (eryl> ® dX+ (er,yll) ® dy+
+ (r (CB) + (k—n+1+1) (ETS)) ® w.
Computing the Hodge dual and using Weyl’s formula on primitive elements in
dimension < n, we find an expression that can be compared with the right hand

side of Weyl's formula applied to « in expansion of primitive forms of W1, obtaining
the thesis. O

2.2.2 Harmonic forms on Kihler manifolds

Let us move to differential operators on differential forms. We firstly find the closed
expression for the formal adjoint of the exterior derivative and the del and del-bar
operators (see [Hori et al., 2003] for a physical interpretation of these differential
operators in terms of a supersymmetric quantum mechanical theory).

Lemma 2.2.10. Let M be a compact Hermitian manifold. The following equalities hold:
d* = — x dx, 0" = — x 0x, 0" = —%0x. (2.2.25)

Proof. Fix « a k-form. For the exterior derivative,

(do, B) = JM da A #p = (—1)k 1 JM aAdxp

——J x Ak(xdxp) = (&, —* d = B).
M

Analogously for the other operators. O

We are now ready to show the key result in local theory of compact Kahler
manifold, i.e. the commutation relations between the Lefschetz operators and the
differential operators. In the proof, the Kihler condition dw = 0 will be crucial.
Before stating the result, we introduce the Laplacians on Kédhler manifold.

Definition 2.2.11. Let (M, w) be a compact Kdhler manifold. We define the Lapla-
cians

A =dd* +d*d, Ay = 00" +0%0, Az =00* +0%0. (2.2.26)
They are all sef-adjoint, positive definite, elliptic operators acting on A% (M).

Theorem 2.2.12 (Kdhler identities). Let (M, w) be a compact Kihler manifold. The
following identities hold.

1) [0,L] =[9,L] =0, [0*, Al = [0*,A] = 0.
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2) [0%,1] = —v/=10, [3*,1] = v=10 and [0, A] = —/—=13", [3, A] = /=T0*,
3) A =2Ay = 2Ajy and they commute with x,9,9,9*,0*, L and A.

Proof. Before proceeding with the proof, note that 0 = dw = dw + dw implies, by
type argument, that both dw and dw vanishes.

1) We have that
[0, LJa =0(w A a)— wAdx
=0dwANAax+wAoox—wAox=0.
Similarly for [9, L] = 0. Recall now that A = * 1Lx and 9* = — % 9%, so that

[0%, AJoc = —(#d%) (L) ox + (% 1L#) (0%
= —(*0L*) ot + (*L0x*)ox
= — %[0, L] x o = 0.

Similarly for [0*, A] = 0.
2) A simpler proof can be given in terms of the operator
d°=—v-1(0-9), (d9)*=+v-1(a*—2d").
By type argument, the commutation relations (2) are equivalent to
[d*, L] =—d°, [d,A] =d°*
respectively. Note that d° = J~1d]J. Indeed, on AP>9(M) we have
Jd€o = (vV—1)P" 99 + (vV—1)P~ 90 = dJ«x.

Further, d** = — * d®+. Let us prove now the commutation relations for d and A.
By Lefschetz decomposition theorem, it suffices to prove the relation for elements
of the form L™, with o primitive.

[d,Al(L"ot) = dALTox — AdL"cx.
@ (1)

To compute the two terms, decompose the differential of « by Lefschetz decomposi-
tion theorem:

doe=Bo+ LB +L%Po+---, Bs a primitive (k + 1 — 2s)-form.

As « is primitive and [d, L] =0, " k+tldx = 0. Thus, as the decomposition is a
direct sum, L k+s+1 Bs =0 for every s > 0. Note that Lt on primitive m-forms is
into for t < n —m, so that s =0 for s > 2. Hence, dox = 3¢ + L1. Now,

(D:—duuMaz—de—n+r—nU4a)

= r(k—n+1r—-1L" B+ LPy)
=——rk—n+r—DL" Bg—rk—n+1r—1)L"B1.
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On the other hand,
(I) = AL"(Bo + LB1) = —[L", AlBo — [L"1, AlB4
—r(k—n4+1)L"Bo—(r+1)(k—n+r—1)L"B1.
Thus,
[d,Al(L"&) = —rL" 1o+ (k—n+1—1)L"B1.
On the other hand, using Weyl'’s identity,

dC*I_ro(:—(*]*ld]*)(LToc) = —(—1)Wm1]:)(*l 1d])(Ln k— rI(X)

Now, [L, d] = 0 and it can be simply shown that [L, ]] = [x,]!] = 0, so that

dC*Uoc:—(—n@i(n ’]:_T) =L« L) (da)

7(n k_r) ]_ ( Ln—k—rBO_i_*Ln—k—H—lBl)‘

By Weyl’s formula again,

()i (m—k— )r1
ﬁ JBos

(1)K m—k—r+1)!
T!

# LR TRy = (1)

% Ln—k—T+1 Bl — (_1)

Lrlﬁla
so finally, using [L, J] =0,

d“La=—r] '"L" o — (n—k—1+1) ] 'L"JB4
= L™ a4+ (k—n+1—1)L"B1.

This proves that [d, A] = d°*. The relation for d* and L follows:

[d*, L] = s(— % d*s) (x 'Ls) % — 5 (5 1Li) (— # d¥%)%
= *[d, A]J* = xd“"x = —d°.

3) Let us prove that A5 = A5. We have from (2) that

Ay = 30 4+ 0%0 = V—1[A, d]d + vV—13[A, 3]
= V—1(A30 — dAd + dAJ — IA)
= v/—1(A30 — (3[A, 3] + 3dA) + ([0, A]d + AdJ) — JIA)
=A; +/\{a,a}—{a,a}/\:A5.

Here we used the fact that {0, 0} = 0. Let us show now that Ay = 2A;.

Aq =dd*+d*d=(0+0)(0* +0*) + (0* +0*)(0 + 0)
=Ap+Az+ (00" +0%0) + (070 + 00%)
=2A5 +2Re(d0* + 0%0).
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On the other hand,
30* + 3% = vV—1(3[3, Al + [3, A]d) = vV—1[3%, Al = 0.

Thus, Aq = 2A5. Finally, the commutation relations for the Laplacians follows from
the previous ones. For example,

ApL =00"L 4 0"0L
=0L0* —v—100 + 0*L0
=L00" —+v/—100 4 L0*0 — v—10d
=LAy — V—1{0,0} = LA,.
The remaining ones are analogous. O

Remark 2.2.13. The Lefschetz operator and the Kdhler identities allow us to express
the scalar curvature in different useful ways. Recall that S = gij Ri;, where Ric =
vV—1Ry; dz' A dZ) is the Ricci form. Then we can write

S = ARic. (2.2.27)

Indeed, for a general form of type (1,1), say n = v—1ny; dz' A 71, and a function
f € C*°(M), we have in local holomorphic coordinates

(Lf,m) = JM g(fw,m) Volg = JM fv/~1gi;gt*g"'vV—1nyq Volg
= JM f gmnTJ Volg = JM f gkinki Vol
= (f, g*'myq) -

Thus, g*'ny; = An. On the other hand, the Lefschetz dual allows us to express the
0-Laplacian on functions as Azf = —/—1A90f. Indeed,

—V—1A00f = —V/—T1dA0f + 0*0f = A;f.

In coordinates, Ayf = —g'9;9;f. Applying this to the local expression for the Ricci
form, Ric = —/—1090 log(det g), we find

S = Ajlog(detg). (2.2.28)
These identities will be useful in the next chapter.
We can proceed now discussing harmonic forms.

Definition 2.2.14. For M a compact Hermitian manifold, we define the space of
harmonic k-forms
H*(M,C) ={ a € AE(M) | Aqax =0}, (2.2.29)

and the space of harmonic forms of type (p, q)

HPIM) ={ e API(M) | Aqac=01}. (2.2.30)
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We have
HM,C)=  H”IM). (2.2.31)
ptq=k
Analogously, one could define the spaces of 3 and d-harmonic forms: H(M),

HE (M) and Hk(M), HE 9 (M). Note that the harmonicity actually depends on
the Hermitian metric.

If M is Kédhler, by the Kéhler identities we have
H* (M, C) = H5(M) = HE(M) (2.2.32)

and the same holds for harmonic forms of type (p, q). This is peculiar of Kéhler
manifolds: in general, for M just Hermitian, there is no such relation between the
different Laplacians.

Remark 2.2.15. The Laplace equation Agx = 0, which is a second order differential
equation, is equivalent to the system of first order equations dx = 0 and d*« = 0 (it
is sometimes said that « is closed and coclosed). Indeed, if « is closed and coclosed,
than it is obviously harmonic. On the other hand, if « is harmonic, then

0= (A, ) = || dex|]” + [|d*x]?,
so that da = 0 and d*« = 0. The same holds for 9 and 9.
We can state now the fundamental result in Hodge theory.

Theorem 2.2.16 (Hodge decomposition theorem). Let M be a compact Hermitian
manifold. There are natural orthogonal decompositions

AP 4 (M) = aﬂp—lyq(M) @ }Cg»q(M) @ a*AP“’q(M),

_ ) (2.2.33)
AP 4 (M) = dAP I M) @ HE (M) @ * AP 9T (M),
where the splits depend on the Hermitian metric. Further, the spaces H59(M) and
J—Cg’q (M) are finite dimensional C-vector spaces.

The proof uses the same techniques of the Riemannian case. See [Griffiths and
Harris, 1994] for a complete reference. From the decomposition theorem, we imme-
diately obtain some interesting corollaries.

Corollary 2.2.17. Let (M, w) be a compact Hermitian manifold. There is a natural
isomorphism between the d-harmonic forms of type (p,q) and the (p, q)th Dolbeault
cohomology group:

P»q P,q
T (M) = Hy (MY (2.2.34)

o — (.

The same holds for the del operator.
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2.2 - Hodge theory

Proof. Firstly, note that the map is well-defined, since Ajoc = 0 implies 0x = 0. Let
us prove the injectivity. Suppose o € K% (M) with [«] = 0. Then x = df3 and by
Hodge decomposition theorem,

x=0(0B1+ B2+ 0*B3) = 00*P3
since 37 is 0-harmonic, hence d-closed. Then 0 = Ay = 00*30* 3. Thus,
0= (33*03" B3, B3) = (30" B3, 30" Bs) = ||«]?,

and o = 0. For the surjectivity, take [x] € H59(M). By Hodge decomposition
theorem, o« = 9P + B2 + 0* B3, with B, d-harmonic. But 0 = 0, so that 99* 353 = 0.
As a consequence,

0= (30" B, Ba) = ||3* B3

and we obtain 0* 3 = 0. Thus, [a] = [B2], i.e. the map is surjective. O

Another useful corollary is 90-lemma, peculiar of the Kdhler case and crucial in
many applications.

Corollary 2.2.18 (30-lemma). Let (M, w) be a compact Kiihler manifold. For a d-closed
form o of type (p, q), the following conditions are equivalent.

1) o is d-exact: exists B € A@*qfl(l\/l) such that dp = o.

2) «is 0-exact: exists B € AP~H9(M) such that Op = «.

3) «is d-exact: exists p € AP»971(M) such that 3f = «.

4) «is d0-exact: exists y € AP~1LA71 (M) such that 99y = «.
5) ais orthogonal to HP*+9(M, C) or H51 (M) or HE 9 (M).

Proof. By Hodge decomposition theorem, (5) is implied by any of the other condi-
tions. Further, (4) implies (1)-(3), so it suffices to prove that (5) implies (4). Take
o a d-closed form. By 9-Hodge decomposition, o = 9 + 3/ + 0*". As before,
0*B” = 0. Further, since « is orthogonal to H59(M), B’ = 0. Thus, x = dp.
Applying 9-Hodge decomposition to B, we find B = oy + vy’ + 0*y”. Asvy’is
harmonic, 0y’ = 0. On the other hand, 00* = —9*0, so that x = 00y — 0*dy"".
Finally, 0 = 0ox = —00*0y”, so that

0— <66*ay”, ay//> _ Ha*aYHHZ-
Thus, o« = 00v. O

A consequence of the 90-lemma is that on compact K&hler manifolds the Kahler
classes are parametrized by real function.

Corollary 2.2.19 (00-lemma for Kahler classes). Let (M, w) be a compact Kihler mani-
fold, ny a real (1,1) form in the same cohomology class of w. Then there exists ¢: M — R a
smooth real function such that

1 =w+v-133¢. (2.2.35)
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Remark 2.2.20. Since every closed form is locally exact, every Kdhler form can be
locally represented as wly = /=109, with ¢: U — R smooth. Such a function is
called a local Kiihler potential for w. For the compact case, there cannot exists a global
Kéhler potential due to positivity of the volume. Note there is no comparable way
of describing a general Riemannian metric in terms of a single function.

A consequence of the 00-lemma is the existence of a Hodge structure of weight k
on the kth cohomology group of a compact complex manifold. See [Griffiths, 1984]
for further readings on Hodge structures.

Proposition 2.2.21. Let M be a compact Kihler manifold. The following decomposition
holds:
HE:(M,C) = &5 HEY( (2.2.36)
pP+q=k

Further, the decomposition does not depend on the Kihler metric.

Proof. The decomposition directly follows from the Riemannian and d-isomorphism
between harmonic forms and cohomology groups:

HER(M,C) =55 (M,C) = P 59 M)= P HYIM).
p+q=k p+q=k

Although the first and last term do not depend on the metric, the equality in the
middle do. To prove the independence on the metric, we need to show that if
ax € HP9(M,w) and o/ € HP9(M, w’) with [«] = [&] € Hg’q(M), then [«] =
('] € HER(M, C) for arbitrary Kahler forms w and w’ (here we emphasized the
dependence of the harmonic forms on the metric). Indeed, since « and «’ are
0-cohomologous,
o — o = 0.

On the other hand, by (d, w)-Hodge decomposition theorem, 0 = dy + v’ + d*y”
where v’ € H*(M, w,C). The claim is that v/ = d*y” = 0. Indeed, since dp is
d-closed (as oc and o are so), we have dd*y” = 0. By the usual argument, y” = 0.
On the other hand, the (d, w)-Hodge decomposition is w-orthogonal and

(0B, Y") o = (B,0"Y'), =0

since, by harmonicity, vy’ is 0-coclosed. As a consequence, vy’ =0and o — &’ = dy.
Thus, [«] = [a'] € H5: (M, C). O

Let us analyse the symmetries on the spaces of harmonic forms and on the
Dolbeault cohomology groups of a Kihler manifold we have encountered so far.

Complex conjugation. It leads to a isomorphism
FHEIM) — HIP(M). (2.2.37)

Note that a priori the conjugation has image in the space of 9-harmonic forms, but it
coincides with the 0-harmonic forms thanks to the Kihler identities. As before, the
induced isomorphism in cohomology does not depend on the Kéhler metric.
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Serre duality. The intersection pairing, associating to « € AP*9(M) and B €
AP 4(M) the complex number

(o, B) =J /B, (2.2.38)

M

descends to a non-degenerate pairing between H5°9(M) and H3 7" 9(M). In-
deed, if « € HE9(M) with a # 0, then & € HZ ™" 9(M) and

(o, *&) :JMoc/\*a: la]|? # 0. (2.2.39)

Thus, we have the so-called Serre duality

HPIM) — (35 P I (M)

’ (2.2.40)

Again, the induced isomorphism in cohomology does not depend on the choice of a
Kéhler metric.

Hodge reflection. The Hodge dual * induces the isomorphism
HPIM) — HE~ PP (M), (2.2.41)

The map is well-defined since [x, A5] = 0. A priori, the induced map in cohomology
depends on the Kédhler metric w, but it actually depends just on the Kéahler class
[w]. Indeed, take x € Ufg’q (M, w). By Lefschetz decomposition, write « as

a=> LB, (2.2.42)
>0
The decomposition depends just on [w], since the Lefschetz operator in cohomology
is the product [«] — [w] /\ [«]. Then (emphasizing the dependence of the Hodge
dual and the Lefschetz operator on the metric)

Ko O = Z*wl_wﬁr, (2.2.43)
>0
Using Weyl’s formula, and passing to cohomology,
k(k+1) ! _
o] = (~1) > +qulw]k+f J[B+]. (2.2.44)
>0
The right hand side depends just on [w], so that the left hand side depends on the
Kéhler class too. This proves the claim.

These symmetries can be summarised as follow.

Definition 2.2.22. Let M be a compact complex manifold. Define the (p, q)th Hodge
numbers as
hP>9 = dime HE 9 (M). (2.2.45)

These are finite, by Hodge decomposition theorem (every complex manifold can be
equipped with a Hermitian metric) and they depend just on the complex structure
of the manifold.
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R0 <N homn I Hodge

conjugation
Figure 2.1: Hodge diamond and symmetries.

If M is Kéhler, we have h?>9 = h9P by conjugation, h?>9 = h™P"~4 by
Serre duality and h?>9 = h"~9"~P by Hodge reflection. Representing the Hodge
numbers within the Hodge diamond (see Figure 2.1), the symmetries can be pictured
as follows: the conjugation is the reflection through the vertical axis, Serre duality is
a rotation of 7t and Hodge reflection is the reflection through the horizontal axis.

An interesting topological constraint on Kdhler manifolds that follows from the
conjugation symmetry is the following

Corollary 2.2.23. Let M be compact a Kihler manifold. Then the odd Betti numbers (32111
are even.

Proof. We simply have, from h?9 = h%P,

Pok+1 = Z hP4 =2 Z hps2k+1-p

p+q=2k-+1 p<k

O]

The property of having odd Betti numbers which are even turns out to be sufficient
in the case of compact complex surfaces (this is known as the Kodaira conjecture,
definitely proved in [Siu, 1983]). Thus for dimension 2, as in the case of complex
curves, being compact Kéhler is a topological property. This is no longer true for
higher dimension, as shown by an example due to Hironaka of Kédhler manifolds of
dimension 3 that can be smoothly deformed to non-Kéhler ones.

Let us discuss now how to extend the Lefschetz decomposition theorem to
cohomology on compact Kdhler manifolds.

66



2.2 - Hodge theory

Definition 2.2.24. Let (M, w) be a compact Kdhler manifold. Define the primitive
cohomology groups as

H‘gﬂm(M, C) =ker (L™ " H5 (M, C) — HAR *H3(M, €)). (2.2.46)
Analogously, we define

HPE (M) = ker (L™ 1 HE9(M, C) — H~PFEN9H (M), (2.2.47)
The definition are well-posed thanks to Kahler identities: [L, d] = [L, d] = 0. Further,
the primitive cohomology groups depend just on the cohomology class of the metric,
which has been omitted in the notation.

As for the de Rham cohomology, the primitive one admits a type decomposition,
i.e. the primitive cohomology defines a Hodge structure. However, while for the
de Rham case the decomposition does not depend on the Kahler metric, in the
primitive case we have dependence on the Kahler class. Further, it is equipped
with the so-called Hodge-Riemann bilinear pairing. This is related to the concept of
polarized Hodge structure (see [Griffiths, 1984] for further readings). All the following
results come from the fact that L commutes with the Laplace operators, so that we
can take harmonic representatives. Further, since L is of type (1,1), it respects the
type decomposition.

Lemma 2.2.25. For a compact Kithler manifold (M, w), the following decomposition holds:

HEm(M,C) = €5 HPL (M) (2.2.48)

prim prim
p+q=k

Proof. It suffices to prove that if [«] € H'}jﬁm(M, C) is primitive, then the harmonic

representative is primitive too (as differential form). Indeed, take o’ € [o] the har-
monic representative. Then L™ %1« is d-exact. By the 0d-lemma, it is orthogonal
to 3(%(M, C). On the other hand, from the Kihler identities, we have that it is
harmonic:

Agl™ o = 1V * 1 Aga’ = 0.

Thus, L™ *1a’ =0, i.e. o is a primitive form. The decomposition then follows
from the one for harmonic forms. ]

Similarly, from the bundle Lefschetz decomposition theorem we have the analo-
gous results in cohomology.

Theorem 2.2.26 (Hard Lefschetz theorem). Let (M, w) be a compact Kihler manifold.
Then for every k < m, the map

L™ % HER- (M, C) — HiR (M, C) (2.2.49)
is an isomorphism. The map is also compatible with the type decomposition.
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Theorem 2.2.27 (Lefschetz decomposition theorem). Let (M, w) be a compact Kihler
manifold. The following orthogonal decomposition holds:

HER(M, C) = @D LTHEZ" (M, C). (2.2.50)
>0

The decomposition is also compatible with the type decomposition.
Finally, let us introduce the Hodge-Riemann bilinear pairing.

Definition 2.2.28. For a compact Kdhler manifold (M, w), define the Hodge-Riemann
bilinear pairing Q on k-forms as

Qo B) Vol = (1) T a ABAw™ k. (2.2.51)

The sign is just a normalization convention. From the definition it is clear that Q is
graded anticommutative and Q(«, ) = 0, unless « is of type (p, q) and 3 of type

(q,Pp)-

Lemma 2.2.29. For o a primitive form of type (p,q), with p + q = k, the following
relation holds:

(V=1)P79Q(a, &) = (n — k)! (o, cx) . (2.2.52)

Proof. We have that

B k(k—1) B nek k(k—1) ek -
Qla,x)Voly, = (1) 7 aAaxAw =(-1)" 7 aAL"*&
= (1) = (DAL *a = (—1) 2 a AL R

=(-1) 7 (o, *L™ *«) Vol,,
Using Weyl's formula, we have the thesis:

Q(a, &) Vol,, = (n —k)! (&, J&x) Vol, = (n —k)! (&, (vV/—1)P~9«) Vol,
= (v—1)9"P(n — k)! («, &) Vol

O

Corollary 2.2.30 (Hodge-Riemann bilinear relations). Let (M, w) be a compact Kihler
manifold. There is a well-defined bilinear pairing on the kth primitive cohomology group

Qled, [B)) =JM Qla, B) (2.2.53)

satisfying the two Hodge-Riemann bilinear relations:

1) Q(lxl, [B]) =0, unless o is of type (p, q) and (3 of type (q,p),

2) (vV—1)P79Q([ex ) > 0 for any non-zero element in H?>3 (M)).

prim
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Proof. The first property comes from the one at the level of forms. For the second
property, consider a harmonic representative o’ € [«], which is a primitive form of
type (p, q). Since [o] # 0, there exists a point p € M such that («y,, «;,) > 0. Thus,

(V=1)P79Q([od, [&]) = (n—k)!JM (o/, &’y Vol, > 0.
O

To conclude this section, we show how Hodge theory allows us to find again
topological constraints for Kdhler manifolds. Indeed, note that on compact Kahler
of even dimension dim¢c M = 2m, the Hodge-Riemann bilinear form on the middle
cohomology group coincides with the intersection pairing: on H3% (M, R),

jM XA B = (—1)™Q([ed, [B). (2.2.54)

The Hodge index theorem expresses the signature of this topological pairing in
terms of the Hodge numbers.

Theorem 2.2.31 (Hodge index theorem). For a compact Kihler manifold (M, w) of even
dimension dimc M = 2m, the intersection pairing on the middle real cohomology group
H3R (M, R),

([od, [B]) = J x A B, (2.2.55)
M
has signature
sgn= Y (—1)PhP9. (2.2.56)
P,q

Proof. For p,q withp 4+ q =k, set
HPI (MyR) = HP (M) N HER (M, R).

prim prlm

The above results imply that for a real, primitive form of type (p, q) withp +q =k

J A A GA W™K = (VIT)I P () (2m — k) (o o) ©
M

Note that, thanks to Lefschetz decomposition theorem,
<@ LTHIE D™ (M R))

>0
(@ @ vl e ) )
20 p+q=2m
P<q
Further, the decomposition is orthogonal with respect to the intersection pair-
ing, so that the signature is the sum of the signatures in every space. For [«] €
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H;rllmr MTT(M, R), taking the harmonic representative which is primitive as a differ-

ential form, we have that
(Lr[oc], Lr[oc]) = J a A &AW = (=1)™"T(2r)! (o, &)
M

so that on Lng;lmr "MTT(M) the intersection pairing has signature (—1)™~". For the

second term, noting that

HI“DPTT (M, R) = HP - D977 (M, R),

prim prim

we have for [« € nglr; 97T (M, R), p + g = 2m, with harmonic representative

(L"[oc + &, L™ [ox + &]) —J (o + &) A (oc 4 &) A w?"
M
:2J a A& A w?T
M

=2(v=1)TP (=)™ T (2r) !, ox)
=2(=1)PT(2r)! (o, ) .
Here we used the fact that Q(«, o) = Q(&,&) =0, as p < q. Let us set now

hP9 = dimg HP9 (M, R).

prim prim

From the above results, we obtain

— +1([P—THq—T q—7,p—T
sgn = Z(_l)m Th}T)T;mT e + Z Z ‘p T hprlrn + hprlm )
>0 r20p+q=2m
p<q
+rP—T,q-T _ p—T,q—T
- Z Z 1P Th’prlm - Z 1P Z Thprlm
r20p+q=2m pP+q=2m >0
Here we used the fact that, thanks to conjugation, hEn?n = h;';f; We can link now
the Hodge numbers to the values hgn‘jn with the relation

Pyqd — P—r,q—r
h - Zh’prlm )
>0

which follows from Lefschetz decomposition and the usual argument of taking
harmonic representatives. Performing the trick

2 UM =) hh T H2) (<107 ) hhn T

>0 >0 s>0 >0
—hPd 42 Z(_l)shpfs,qfs,

s>0

where the first relation can be proved by induction, we find

sgn = Z (-1 <hpq+2z JShP—s:d- s>

p+q=2m s>0
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2.2 - Hodge theory

By Hodge reflection and p + q = 2m, we have hP~ 5975 = hP+$4%s g0 that
hPd £2%  GhP=5d975 = 5/ (—1)ShP*%9%5 Thus, with the notation a =, b
for a — b € 27Z, we can rewrite the signature as

sgn= 3 (—1P Y (F1)hPTRATE = 3 (—1)PRP,

p+q=2m SEZL P+q=20

Finally, since (—=1)PhP>9 + (=1)9h%P =0 for p + q =; 1, we find the thesis:

sgn = Z(—l)php’q.
Pyq
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Chapter 3

The J-equation

3.1 The J-flow and the J-equation

In this section we introduce the J-flow and the associated J-equation, which will be
the main topic in the following analysis. The first approach is due to Donaldson in
[Donaldson, 1999], where a moment map point-of-view naturally leads to the study
of the equation. At around the same time, Chen in [Chen, 2000] independently
discovered the same flow as the gradient flow of his J-functional, which appeared
in the expression of the Mabuchi functional. Let us briefly summarise the two
arguments leading to the equation.

Suppose that (M, «) is a compact Kdhler manifold and let wgy be another Kih-
ler form, possibly in a different Kahler class. For simplicity, we will assume
H}iR(M,R) = 0. Consider the infinite-dimensional manifold X of orientation-
preserving diffeomorphisms f: M — M in a fixed homotopy class. The tangent
space at a point f € X is the space of section of the pull-back bundle f*TM. Then X
carries a natural symplectic form Q defined by

mn
Lo

' (3.1.1)
n.

Qr(v,w) = JM v, w)

for any vyw € T'(f*TM). Consider now the infinite-dimensional Lie group G of
exact wp-symplectomorphisms, which acts on X by composition on the right by
the inverse: § x X — X is given by g.f = f o g~!. The action preserves Q. As
HéR(M, R) = 0, its Lie algebra g can be identified with the Hamiltonian vector fields
and, due compactness, with the space of smooth functions modulo constants. In
other terms, we have the identification

g={HeC*M,R)| [,yHwl =0}. (3.1.2)
A moment map p: X — g* for the group action is given by

o At
u(f) = ——2— —c, (3.1.3)
Wy
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3 — The J-equation

where the constant, which depends just on the Kéhler classes of « and wy, is such
that p(f) has zero average and is given by
o] — [wo]™

c= ol . (3.1.4)

Here we used the L? inner product in C*°(M, R) to identify g with its dual. A natural
construction is the symplectic quotient, given by solutions of u(f) = 0 modulo G.
Under particular conditions, one would hope that a certain gradient flow would
converge to a solution of u(f) = 0. This flow can be expressed via the complex
structure J on X, induced by the natural one on M, as

on
ot

where X, (¢) is the vector field on X associated to the element p1(f) € g. The flow can
be rewritten as a flow of Kahler forms (f})~!wy. In terms of Kahler potentials

= Xy (e, (Fr), (3.1.5)

fH:{d) € C®(M,R) | wy = wo + vV—103¢ >0}, (3.1.6)
we find .
dbe oc/\wl%:

T (3.1.7)

This is known as J-flow. Similarly, the equation p(f) = 0 can be rewritten in terms
of wy as a /A w‘dl)*l = cwy. To fix the notation, let us give the following

Definition 3.1.1. Let (M, «) be a compact Kdhler manifold, wg another Kdhler
metric on M. We define the J-equation on the space of Kidhler potentials associated
to wo, i.e. H = { ¢ € C°(M,R) | wg = wo + vV—133¢ >0 }, as

AN w$_1 = CWyg,, (3.1.8)
where c is the constant ¢ = %
[wol]. We will call it the J-constant.

depending just on the Kahler classes [«] and

With a different approach, Chen found a new expression for the Mabuchi energy
functional, introduced in [Mabuchi, 1986], which plays a key role in the study of
constant scalar curvature Kiahler metrics. Consider again a compact Kéhler manifold
(M, wy). Let H be the space of Kdhler potentials associated to wy. The Mabuchi
functional (or K-energy functional) is defined as follows: consider a path ¢ in K
such that ¢g = 0 and ¢ = ¢ and set

1
a(bt A (,U{L
M(p) = —(S—=§¢{)—dt 1.9
@)= | S-Sy Shat (319
where for brevity we set wy = wg,, St is the scalar curvature associated to the
metric wy and S is the average of the scalar curvature, which depends just on the
Kihler class [wg] and the first Chern class of M.:

g — J‘M So wgy' _ nfM Ric(wg) A w(T)l_l _ 2mn ¢y (M) — [wo]™ ! (3.1.10)
Jm @i Jm @i [wol™ . o
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3.1 - The J-flow and the J-equation

For the second equality, we used the fact that So = A, Ric(wy) (see Remark 2.2.13)
and Weyl’s formula. It can be shown that the integral defining the Mabuchi func-
tional is independent of the path connecting 0 and ¢, so that we have a well-defined
functional M: } — R. The alternative expression found by Chen is

detgy Wg
M detgy n!

+ () + SI(op), (3.1.11)

M) = |

where g4, and gg are the metrics associated to w¢ and wy respectively, while the |
and I functionals are defined as

1 n—1
_ 0t . Yo,

J($) = L JM 3 Ric(wg) A T dt, (3.1.12)
I o ws, dt 3.1.13
In his article, Chen pointed out that if c;(M) < 0, thanks to Aubin-Yau theorem, we

can choose wy such that Ric(wg) = —wy. In this case, the J-functional becomes

1 n—1
(ol Wy,

= A\ L . .1.14
)= | | e b ar (3.1.1)

Subsequently Chen in a second work (see [Chen, 2004]) studied the more general
functional defined on then normalized space Ho ={$ € H | I(p) =0}

—1

_ ! 0+ wgt
J(¢)—JO JM 5t oy & (3.1.15)

for a fixed Kéhler form o.. Alternatively, we can consider the normalized J-functional
defined on J, whose gradient flow is nothing but the flow discovered by Donaldson.

Definition 3.1.2. Let (M, «) be a compact Kédhler manifold, wg another Kédhler met-
ric on M. We define the normalized J-functional on the space 3 of Kdhler potentials
associated to wg as

1
J(d) =J(d) —nel(d) = JO JM % (oc/\ T cwgt) (nitl)!’ (3.1.16)

n—1
where c is the J-constant defined before: ¢ = [o]—long]*™

3.1.1 Uniqueness and dependence on Kihler classes

Let us study now the J-equation in more details. We firstly show two equivalent
formulations of the equation: the contraction of & with the metric w is constant or
« is an w-harmonic form. Further, we will prove a uniqueness statement thanks to
the comparison principle for nonlinear elliptic PDEs and we will briefly summarise
an interesting result by Collins and Székelyhidi, showing that the solvability of the
J-equation depends just on the Kéhler class [«].
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3 — The J-equation

Proposition 3.1.3. The following statements are equivalent:
1) aNw™ ! =cw™,
2) Ao =nc,
3) ois w-harmonic.

Proof. Let us prove that (1) is equivalent to (2). Noting that, thanks to Weyl’s
formula, x A w™ ! = (n —1)!a A *w, we have

n n n
a A w™ = (o, w) ©_ (Awoe,1) ®_ /\wcxw—
n n n

and the statement is proved. For the equivalence between (2) and (3), note that
by compactness A, x = nc is equivalent to dA,x = 0. As « is closed, this is
equivalent to [d, Ay ] = 0 and using the Kahler identities, we obtain d“*« = 0,
where the adjoint is taken with respect to the metric w. Again by closedness of «,
this is equivalent to « being w-harmonic. O

In local holomorphic coordinates (z') on M, writing w = v/—1gi;dz' A dz) and
o = v —layy dz! A dZJ, the second formulation of the J-equation reads

g a5 = nc. (3.1.17)

In terms of Kéhler potential, it is a second-order nonlinear elliptic PDE. The elliptic-
ity condition has to be intended as follows: consider the operator F(¢) = nc—Ay,
defined on the space of Kéhler potentials. Then the variation of F at ¢ is the linear
operator D¢ F: C*(M,R) — C*(M,R) defined as

d
DgF(E) = e F(d + €&). (3.1.18)
€le=0
Setting ge 15 = gij + 010;(P + €&), we have
dgk' k5 49e,y il
DeFE) =" | aa=00 —q= | 90 %

= (96" 95" ot) 0305
Setting F () = g(i)I glgj o1, we have that the linear operator
DgF: & — FI(b)0:05& (3.1.19)

is elliptic: for any point p € M and any coordinate system, the matrix Fij(cb)lp is
positive definite, as it can be seen in normal holomorphic coordinates at p for the
metric wg, where FI ()|, = aislp. As a consequence, we can prove a comparison
principle for the operator F and we will derive a uniqueness statement for the
J-equation.

Proposition 3.1.4 (Comparison principle). In the above assumptions, let ¢, € H be
Kiihler potentials such that F(¢) > F(\U). Then ¢ > on M.
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3.1 - The J-flow and the J-equation

Proof. Fix a holomorphic atlas { (U, z')}. We need to show that ¢(p) > P (p) for
every point p € M. Let us set x1 = td + (1 — t), which is still a Kéhler potential.
By the mean value theorem, on U we have

1
0 < F() — F) = L Dy F( — b)dt = aT0:0;(¢ — ).
Here we have defined the smooth functions on U

1
a’ = J FY (x¢)dt.
0

Note that the ellipticity condition for F implies that aV is positive definite. Setting
Lf = aV 0;0;f for a general function f € C*(M,R), we have that L is a second
order, linear, elliptic operator on M with non-positive first order coefficients (it
is actually uniformly elliptic by compactness of M and the first order coefficients
are identically zero). By the maximum principle for linear elliptic operators (see
for instance [Aubin, 1998]), from L(¢$ —1p) > 0 it follows that ¢ —p > 0, that is

¢ = 1. m

Corollary 3.1.5. In the above assumption, if a solution on H for the J-equation F($) =0
exists, then it is unique.

Let us discuss now the dependence of the solvability on the Kéhler class [«].

Theorem 3.1.6 (Collins and Székelyhidi, 2014). Let w € [wo] be a solution of Ay =
nc. Then if p € [«] is another Kihler form, there exists | € [wo] such that Ay = nc.

Sketch of the proof. The main ingredient of the proof is the equivalence between the
solvability of the equation and the properness of the normalized J-functional. The
functional | is said to be proper if there exist constants C, 8 > 0 such that

I6)>—C+5| ¢ (wh—wp).

M

For clarity, let us denote the dependence of the functional on o writing J«. With
this result, it is easy to show that if ] is proper, then so is J for any Kahler form
B € [od. Indeed, setting B = & + /—190y and choosing ¢+ = tdp, we have

1 wnfl 1 wnfl
fo(d) = Juld) = — o)A P dt = ~1039) A —%—da
T () =Tal0) = | | o(p—oA ttae= | | w(vTode) At
_ ! d (Wi _ (‘UE_“’S)
_Jo JMll)dt< n! )dt_Jbe n! ’
so that ITB —Jal < 2supy, | Vol (M). Thus, if T(x is proper then so is jﬁ- O
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3 — The J-equation

3.1.2 A numerical criterion

The rest of the thesis will be devoted to the study of a numerical criterion for the
solvability of the J-equation. In his original work [Donaldson, 1999], Donaldson
found that a necessary condition for the solvability of Ay, & = nc is the positivity of
the form ncw — «. Indeed, choosing a normal holomorphic system for o« where w

is diagonal with eigenvalues A4, ..., Ay, the J-equation reads
=1
) —=nc (3.1.20)
— A
i=1
Thus, a necessary condition, as A; > 0, is that ncA; > 1 foralli =1,...,n. The

condition translates into
ncw — «f > 0. (3.1.21)

Donaldson conjectured that this is also sufficient for the existence of a solution of
the J-equation. The positivity condition is actually sufficient for complex surfaces,
where the J-equation can be reduced to a complex Monge-Ampere equation solved
by Yau. However, in [Lejmi and Székelyhidi, 2015] the authors showed that the
conjecture is false, finding a more general necessary condition and an example
where [ncw — «] is positive, but the new condition fails. The conjecture, proposed
in the same article, is the following.

Conjecture 3.1.7 (Lejmi and Székelyhidi, 2015). There exists a solution of A, & = nc
in [wo] if and only if, for all irreducible subvarieties V. C M of dimension k < n, the
numerical criterion

J (necw§ —ka Awf™) >0 (3.1.22)
A\
holds.

One direction of the conjecture can be easily proved: if a solution exists, then
the numerical criterion (3.1.22) holds. Indeed if w is a solution, denoting by oy, and
wy the restrictions of o« and w along V respectively, we have (as in the proof of
Proposition 3.1.3)

koy Al = (Awyay)wd (3.1.23)

along V. Further, looking at the eigenvalues in normal coordinates, we have for
k < nthat Ay, xv < Ay = nc. Thus, we have ncwl\j — koy A w]\‘fl > 0 and
integrating we obtain the “only if” part. A first step in this direction was done by
Collins and Székelyhidi, where the conjecture was proved for toric manifolds.

Definition 3.1.8. A compact Kihler toric manifold is a compact Kahler manifold
(M, w) equipped with an action by isometries of the real n-torus T™, such that
the extension of the action to the complex torus (C*)™ is holomorphic and with a
free, open, dense orbit My C M.

Theorem 3.1.9 (Collins and Székelyhidi, 2014). Let M be a compact toric manifold with
Kiihler forms o and wq. Suppose that for all toric subvarieties V.C M of dimension k < n
we have

J (new§ —kaAws™t) > 0. (3.1.24)
Vv
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3.2 - Solvability on blowups

Then there exists w € [woq] such that Ay, = nec.

We will not go through the proof of the above theorem. However, it is interesting
to show that the conjecture firstly proposed by Donaldson is actually true for
complex surfaces.

Theorem 3.1.10 (Chen, 2004). Let (M, ) be a compact Kihler surface, wq another Kihler
form. If 2cwo — oo > 0, then there exists a solution to Ay, o0 = 2c in the Kihler class
defined by wy.

Proof. The idea is to reduce the J-equation to a complex Monge-Ampére equation,
solved by Yau (see Theorem 2.1.18). Multiplying [wy] for a constant if necessary, we
can suppose ¢ = 1. Define the form

X0 = Wo — &,

which is positive by hypothesis. Consider now a Kahler potential for xo: set
Xé = Xo + V—100¢. The J-equation for wg, = wy + +/—190¢ in terms of X
becomes

1 1
‘XA(X¢+°‘):§(X¢+“)2=§(X%r>+2x¢/\“+“2)>

which is equivalent to the Monge-Ampére equation xﬁ) = o%. By Yau's theorem, the
equation has a solution x4, > 0. Thus, wg = x¢ + ¢ is still a Kéhler form, solution of
the J-equation. With the proper constant, we can obtain a solution of the J-equation
in the original fixed Kéhler class. O

As said before, the conjecture is false in dimension n > 2, as shown in [Lejmi
and Székelyhidi, 2015], where the authors built two metrics o« and wg on a threefold
where ncwg — « is Kihler, but the numerical criterion does not hold.

3.2 Solvability on blowups

3.2.1 Blowups of Kihler manifolds

A common construction in Complex Geometry is the blowup of a complex manifold
along a submanifold. Heuristically speaking, the process consists in substituting the
submanifold with all the directions pointing out from it. For instance, if we consider
a single point, the blowup construction substitutes the point with a copy of the
complex projective space, leaving the complement unchanged. For a submanifold,
the same procedure is done with the projectivisation of the normal bundle. The
result is that of “zooming in” the submanifold.

Let us start by blowing up a linear subspace C* in C™ of dimension k, following
[Huybrechts, 2005], [Griffiths, 1984] and [Voisin, 2002]. We can suppose that Ck
is given by the equations z**! = ... = z"™ = 0. Denote by [Z**! : ... : Z"] the
homogeneous coordinates in P %! and define the blowup of C™ along C* as

Bl (CM) = { ([Z],2) e PV M x C™ |22 =2JZF Wi,j=k+1,...,n}.
(3.2.1)
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Blp(D)

Figure 3.1: The real points of the blowup of the unitary disk D ={z € C? | |z]> < 1}.

Define the projection map onto the projective space as 7t: Blgi (C™) — P %1 and
the blowdown map o: Blcx(C™) — C™. Alternatively, we can realise the blowup
as the set

Blek(CM) ={ (6,z) e P * ! xC"|zeCra L}, (3.2.2)

where { is interpreted as a line in the orthogonal complement of C*. Thus, it is clear
that the fibre over a line { € Pk~ 1 ig just the linear space n1(l) = C* @ ¢, so that
7t: Blek (C™) — Pk~ ! realises Ble« (C™) as the total space of a holomorphic vector
bundle of rank k + 1 over the projective space. Hence, it is a complex manifold of
dimension n. Further, the blowdown map o: Bl (C™) — C™ is an isomorphism
over C™ \ C* and 0 1(C*) = P(N¢x scn), the projectivisation of the normal bundle
to C¥, with 0], (cx) the bundle map.

Note that if k = 0, i.e. the linear subspace is trivial, then the blowup of C™ in the
origin is the tautological bundle Opn-1(—1) and we can think of Bly(C™) as obtained
from C™ by replacing the origin by the space of all lines through it. The real points
of the blowup of the unitary disk in C? can be imagined as in Figure 3.1.

The construction can be globalised to arbitrary complex manifolds.

Proposition 3.2.1. Let M be a complex manifold, S a complex submanifold of dimension
k. Then there exists a complex manifold Bls (M) of the same dimension of M, called the
blowup of M along S, together with a holomorphic map o: Bls(M) — M such that o is
a biholomorphism outside S and o: o= (S) — S is the bundle map P(Ng /m) — S.

Proof. Consider an atlas { (L, @) } of M such that @ (UxNS) = @x (Ux)NCK, with
C¥ a subspace of C™. Let T: Blgk(C™) — C™ be the blowup of C™ along C* and set
Xa = 7 Hda(Uy)) with the restrictions of the blowdown map tx: Xa — ¢a(Ux).
We just need to check that the blowups glue on the intersections, so that we can
define

o: Bls(M) =LA X o m,
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with ofx, = T). In order to prove it, consider U,V C C™ with a biholomorphism
¢: U — V such that (U N C*) = VN CK, where C* is defined by the equations

2 = ... =z = 0. We can write in components ¢ = (¢1). Then the condition
$i(zl,...,250,...,0) = 0 for all i > k, implies that for i > k we can write
n
= Z aij(z)?
j=k-+1

for suitable holomorphic functions ajj. They can be described as a matrix of
functions A = (aij)i,j—k+1,..,n- Define the biholomorphism ¢: U - (V)
as

6(12],2) = (IA(2)Z], d(2)).
),

From the definition of A(z), it follows that ¢([Z],z) actually belongs to V)
for every ([Z],z) € 7 1(U). Now, as T is a biholomorphism on C™ \ Ck, it is
clear that the gluings are compatible over M \ S. On the other hand, over S the
matrices aijly~cx are nothing but the transition functions for the normal bundle
Ns /m. Thus, the gluings are compatible also over S and, moreover, this proves that
(T_l(S) %P(NS/M) ]

Definition 3.2.2. Let 0: Bls(M) — M be the blowup of M along S. The hyper-
surface 0~ 1(S) = P(Ng sm) is called the exceptional divisor of the blowup. We will
usually denote it by E.

In the following, we will be interested in the blowup of a manifold M at a point
p, denoted by Bl,(M). Let us study how the Kahler condition can be transferred
from the manifold to its blowup at a point, following [Voisin, 2002]. The naive idea
would be to consider the pull-back on Bl, (M) of metric w on M. The problem is
that the pull-back is only semi-positive on the exceptional divisor. Thus, we have to
“correct” it on E with a suitable form, without breaking the positiveness outside E.

Lemma 3.2.3. The line bundle Oy, (m)(—E) is trivial outside € and its restriction to
E = P! is isomorphic to Opn-1(1).

IZroof. Let us set M = Bl, (M). Consider a coordinate chart U centred at p and set
U =o"1U). We can suppose U ={z e C™" | |z| <1} =D, so that we can identify

U={(z,z) eP"'xD |2 =27 }.

Under this identification, set U; = {([Z],2) € ujzt # 0}, where we have local
coordinates

and
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and the exceptional divisor by E N ﬂi ={w(i)} =0}. Thus, on ﬂi N ﬂj, we find

. . ZiL . Zi N
w(l)lzzlzg-z] :;-W(])).

and the transition maps for Op;,(m) (E)[e are precisely those of Opn-1(—1):

i

94 = -
Taking the dual, we obtain the thesis. ]

Proposition 3.2.4. If (M, w) is Kihler and p € M, the blowup manifold Bl,(M) is
Kihler, and it is compact if M is compact.

Proof. Let us set M = Bl,(M). It follows from the above construction that the
blowdown map is proper. Thus, M is compact if M is compact. Let us construct a
metric form. As we said above, the pull-back form o*w is a real, closed (1,1)-form
with the following properties:

>0 everywhere,
w=1{>0 onM\E,

1,0
>0 on'd M/T},>0E forall q € E.

So we need to find a correction to o*w on THOE. Consider a coordinate chart U
centred at p as before and the closed set C containing p with C C U identified with
Cz{zeC"|zIL %}. Set U = o (), C = o~ 1(C). Note that in the proof of
the above lemma we have shown that the fibres of O(E)|~ over ([Z],z) € U can be

identified with

a
{AZ|AeC}.
In particular, we can consider the metric hy on O(—E)[ given by

1

N (12),2)(AL) = ———.
- AR Z))?

Note that on E, the curvature form is 27t times the Fubini-Study metric. On the other
hand, the restriction of O(—E) to M \ E is trivial, so we can take the flat metric h,.
Consider now a partition of unity { p1, p2 } subordinate to { ﬂ, M \ 6} and define the
global metric

h = p1h; + p2hy

on O(—E). Let A be the differential form given by - times the curvature form of h,
which is a real closed (1,1)-form whose cohomology class is c1(O(—E)). Note that

e A>0on Té’OE forallp € E,asAon E = P s the Fubini-Study metric;
¢ itis positive definite on 6, as p; = lonit;
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. ?\:Oon/l\7l\1~l,as P2 = 1onit.
In particular, due to compactness, we can choose € sufficiently small such that
D =0"w+eA

is positive definite. Indeed, in the closure of the annulus ﬂ\ C the form Ais bounded,
so that for small e the positivity of o*w is not broken. On the other hand, A > 0 on
the tangent spaces of the exceptional divisor, so that @ is a Kdhler form. O

It will be useful in the following section to understand the cohomology class of
the new metric on the blowup. The above construction turns out to give us a metric
on the pull-back class of the metric, minus a small multiple of the Poicaré dual of
the exceptional divisor. This is a consequence of Proposition 1.3.15:

c1(O(—E)) = —PDIE],
i.e. the Poicaré dual of a divisor is the first Chern class of the associated line bundle.

Corollary 3.2.5. Let o: Bl, (M) — M be the blowup of a Kihler manifold (M, w) at a
point p € M. Then we can construct a Kihler metric on Bl, (M) in the cohomology class

o*[w] — e PD[E] € HY! (B, (M), R) (3.2.3)
for a sufficiently small € > 0.

The greatest € > 0 which makes the above cohomology class positive is called
the Seshadri constant. Intuitively, it expresses the positivity of the Kidhler form w
near the point p. See [Hartshorne, 1977] for the blowup construction in Algebraic
Geometry and [Lazarsfeld, 2004] for further readings on the Seshadri constant.

Definition 3.2.6. Let (M, w) be a Kdhler manifold, p € M. The Seshadri constant of
w at p is defined to be the positive real number

L(M,w,p) =sup{e>0] o [w]—ePD[E] >0}. (3.2.4)

A particular feature of this construction is that it carries infinitesimal information
around p to global phenomena on the blowup. See for example [Griffiths, 1984].
On the other hand, from the topological point of view, Bl,,(M) is nothing but the
connected sum between the manifold and a negatively oriented projective space.

Proposition 3.2.7. The blowup of a manifold M at a point p is diffeomorphic as an
oriented manifold to the connected sum M# P, where P™ is the complex projective space
with orientation opposite to the one induced by the complex structure.

Proof. Recall that the connected sum of two oriented manifolds X and Y of real
dimension m is defined as follows. Consider the unit disk D ={x € R™ | |x| < 1}
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Pn

Figure 3.2: A representation of the blowup of a Riemann surface at a point. The figure takes
inspiration from [Huybrechts, 2005].

and two open sets U C X, V C Y with diffeomorphisms f: D - Uand g: D = V, f
orientation-preserving and g orientation-reversing. Consider the gluing map

v:D\ (3D) — D\ (3D)
X

X —
2[x[?

on the annulus. Then the connected sum is defined as the union of X \ f (%D) and
Y\ g (iD), glued viagoyof

X#Y:X\f(%D) UY\g (%DM.

To prove the proposition, as the statement is local, we can suppose M to be the
unitary disk in C™, thatis D ={z € C™ | |z] < 1}, and p = 0 to be the origin. Then

Blo(D) ={ ([Z],z) eP" ' x D | Z'J =Z/z" Vi,j=1,...,n}.

We can take U = D with f the identity and g: D — P™ defined by g(z) = [1: z].
Here the coordinates on P™ are [Z° : Z], so that g is orientation-reversing. Note that,
as g (1D) ={[2°: Z] | |z| < }|Z°|}, we have

Pr\g(iD)={12°: 7|1z > }12% }.

In order to prove the statement, we just need to find two orientation-preserving
smooth maps

such that a—! o b coincides with g o y. If we set a(Z° : Z) = ( Z Z, [Z]) and
b(z) = (z,[z]), then
(alob)(z) = [ZIZI2 :z],

while

C 2Lz

(997)(2) = [L: 555 = (28 :2).
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3.2 - Solvability on blowups

3.2.2 Blowing up the numerical criterion

In the same direction of a result by Arezzo and Pacard for the constant scalar
curvature Kahler metric equation (see [Arezzo and Pacard, 2006, 2009]), we want
to establish whether a solution to the J-equation exists on the blowup Bl, (M),
provided that a solution exists on M. The cohomology classes we are interested in
are

(@] = o*[w] — e PD[E], [&] = 0" [o] =M PDIE].

If we look for sufficiently small values of € and 7, it turns out that, to obtain
a solution, 1 must be of the same order of €. This can be directly seen by the
positiveness condition of Donaldson (3.1.21). Rather than directly work with the
equation, we will analyse the behaviour of the numerical criterion (3.1.22). We
firstly state the result for surfaces, where Chen’s result 3.1.10 can be applied. Before
doing that, let us show the behaviour of the J-constant on the blowup.

Lemma 3.2.8. Consider a compact Kihler manifold (M, o) and another Kihler form w.
Let o: Bl,(M) — M be the blowup at a point p and take e,n > 0 sufficiently small such
that

(@] = o*[w] — e PD[E], [&] = o*[a] —MPDIE], (3.2.5)

are positive. Suppose that 1 is of the same order of €, i.e. 1 = ae for a positive a. Then the

3 7 n—1
J-constant on Bl, (M), that is ¢ = %, satisfies

. c—ave® 2
C:m :C+V(C—a)€n+0(€ TL)) (326)

Z/Uhere vV = W

Proof. Let us set M = Bl;, (M) and take the representative form A for —PD[E] as in
the proof of Proposition 3.2.4. We first compute the volume of (M, @):

—~— [ ~n
Volg(M) = | £
Jm n!
r * /\~n71 ~n—1
_ o*w A @ +eJ AN @
vt n! nJm (n—1)!
_” o*w A @1 eJ (I)TE‘*l
_d;\N/l n! nJjg m—1)!

Note that in the identification E = P"~1, we have [@]|g = e[wgg]. Thus,

(I)|E_1 n—1 — enil
= Volpg(P 1) = —.
JE mon ¢ Vel =6,
On the other hand,
* 0 A @ n—1 * M 1 n—1 -1
JN 22 'w = JN ° u') + = (n ) JN o* WA (eN)k
M n. M n. n. 1 k M




3 — The J-equation

The first term is simply the volume of M, as ¢ is a biholomorphism on M \ E, while
the second term vanishes as o*[w]|g = 0. Thus, we find

—~ eh
Volg (M) = Vol , (M) — s

A similar computation shows that

JN &A@V = J xAw™ ! —ae™

M M
Thus, we finally find
é_fMoc/\w“_l—ae“_ o ae™ 1
T Twerme T e T
M
- n
= % =c+v(c—a)e™ +0(e™).

O]

Remark 3.2.9. It is interesting to note that the blowup procedure actually decreases
the volume of the manifold. This is due to the fact that blowing up is a collapsing
process, where the interior of a disk, neighbourhood of the blowup centre, is cut
out and its boundary collapses to the exceptional divisor. The procedure has been
formalised by Lerman in the symplectic category, see [Lerman, 1995].

Theorem 3.2.10. Let (M, «) be a compact Kihler surface admitting a Kihler form w such
that 2cw — o« > 0. Consider the blowup o: Bl, (M) — M at a point p. Then there exists
€ > 0 sufficiently small such that

[®] = o*[w] — e PD[E], [&] = 0[] — ae PDIE] (3.2.7)
are positive and 2E0 — & is positive too, provided that a < 2c.

Proof. Let us set M = Bl, (M) and take the representative form A for — PD[E] as in
the proof of Proposition 3.2.4. We know that, as X = 2cw — « is a Kdhler form, there
exists a sufficiently small © > 0 such that

0" (2cw — ) + OA > 0.
We can introduce the parameter 1 > 0 on the expression, rewriting it as

0
2¢c (G*w + ;_cn)\> — (0" +1mA) > 0.

Letusset e = 92%, thatis 0 = 2ce — 1. Then we must have

n<XZ(M,ap)
e <Z(M,w,p)
0<2ce—m<XZ(M,Xx,p)-
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3.2 - Solvability on blowups

The last equation implies that  must go to zero with e. Hence, it is more convenient
to reparametrize n = ae for a positive a. Then the conditions can be rewritten as
follows:

a<2c
.- min{ £(M, w,p), Z(M:loc,p)’ Z(IZ\/Clﬁc(;p) }
Thus, the forms
Oe=0"w+ed & =0 x+ ael

)A(e = ZC(De - 6('6

are positive definite and the cohomology classes of the first two metrics are precisely
those of the statement. Now we have to prove the positivity of the form with the
“right” constant, that is ¢. The above lemma shows us that, thinking of a as fixed,
the value of ¢ will be close to that of c for small €. Let us set

Re =28 — &e.

To prove positiveness for sufficiently small €, we can express ¢ as a function of c
and € using Lemma 3.2.8:

Xe =2C0"w — 0"+ (26 — a)eA
=2cofw — ¥+ (2\/(0 —a)e? + O(e4))0*w+
+ <(2c —a)+2v(c—a)e*+ 0(64)) €A

=2co*w+ (2c —a)er + (C(—:2 + 0(64))G*w + <Ce3 + 0(65)>)\.

Note that the first term is {¢, which is positive definite and has a first-order depen-
dence on €, while the corrections goes like O(€?). Thus, there exists a positive &
such that for every € € (0, €) we have

This concludes the proof. O

Applying Theorem 3.1.10, we obtain that for compact Kéahler surfaces the J-
equation has a solution on suitable Kahaler classes of Bl,(M), provided that a
critical metric exists on M.

Corollary 3.2.11. Let (M, «) be a compact Kihler surface admitting a solution to the
J-equation in the Kihler class [wy). Then there exists € > 0 sufficiently small such that

[@o] = 0™ [wo] — e PDIE], [&] = 0*[a] — ae PDI[E] (3.2.8)

are positive and there exists a solution to the J-equation Ag & = 2¢ on Bl, (M) in the
Kdhler class (o], provided that a < 2c.
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3 — The J-equation

\%

Figure 3.3: The real points of the nodal curve V = {y?> —x*(x+1) =0} and its proper
transform.

Let us move now to the general case. To prove that the numerical criterion still
holds on blowups, we have to understand the subvarieties of Bl, (M). To that end,
let us give the following

Definition 3.2.12. Let V C M be a closed irreducible nonsingular subvariety of
M, p € Vapoint and o: Bl,(M) — M the blowup. Then the subvariety o 1(V)
consists of two irreducible components:

o (V) =EUYV, (3.2.9)
where the subvariety V = 0—1(V \ {p}) is called the proper transform of V.
Theorem 3.2.13. Let (M, ) be a compact Kiihler manifold admitting a Kéhler class [w]

such that the numerical criterion (3.1.22) holds. Consider the blowup o: Bl,(M) — M at
a point p. Then there exists € > 0 sufficiently small such that

(@] = o*[w] — e PD[E], [&] = 0[] — ae PDIE] (3.2.10)

are positive and the numerical criterion holds on Bl, (M) in the above classes, provided that
a < e

Proof. Consider e such that € < min{ Z(M, w, p), %Z(M, «,p) }, so that [@], [&] are
Kéhler classes. We have to prove that, for a sufficiently small €,

J~ (new* —ka A1) >0
\'

for every irreducible k-subvariety V of Bl,(M), with k = 1,...,n — 1. We have
to check the positivity in three different cases: the subvarieties of the exceptional
divisor, the preimage of subvarieties not passing through p and the proper transform
of those passing through p.
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3.2 - Solvability on blowups

Case 1: subvarieties of the exceptional divisor. Consider an irreducible k-subvariety
V of the exceptional divisor, k = 1,...,n — 1. As @[ = eAlg, &g = aeAlg, we find

JN (new* —ka A @ ') = e(né —ka) J~ Ak,
\% \%

Noting that the integral on the right hand side is bounded from below by a positive
constant Cy, as Alg is the Fubini-Study metric on the projective space, we obtain

JN (new* —ka A @ 1) = C;(né —ka)e®
\

= Ci(nc —ka)e* + O(e™t*).

Thus, if nc > (n — 1)a, there exists a positive €; such that for every € € (0, ;) the
above integral is positive.

Case 2: consider an irreducible k-subvariety V.C M withp € V. As ¢ is a biholo-
morphism outside E, 0!(V) = V and we find

J (néd)k — k& A d)kfl) = J (néwk —ka A wkfl)
o-1(V) \%

=1 1\/e“ J (ncwk —ka A wkfl) —
— \Y
mn
1 zi/e“ Jv (nawk —ka A wk_l) )

Let us look at the terms multiplying the functions in e: we can think of them as
linear functionals on the real 2k-homology group A, B: Hox (M, R) — R

Aly) = J (ncw® — ko A w* 1)
Y

B(y) = J (naw® —ka A w* 1),
Y

applied to the class associated to V. We can choose a norm || - || on the finite-
dimensional vector space Hox (M, R), such that there exists an irreducible k-subvariety
Vo of M not passing through p with ||[Vo]|| = 1. Now, by linearity we have that B is
bounded: [B([V])| < & ||V||. On the other hand,

ing M V))

VT = et AV

Here the infimum is taken over all irreducible k-subvarieties of M not passing
through p. By hypothesis, A([V]) is bounded from below by a positive constant C»:

A([V]) = J (new® —ka A w* 1) > C, for every V.
\%

Thus, the infumum is bounded from below by the same C,. As a consequence,
A(IV]) = Co ||[V]]| for every irreducible k-subvariety V of M not passing through p
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3 — The J-equation

and we can estimate the initial expression as

1
J y )(néd)k—k&/\a)k_l) > 7 —C2||V] V||
oV -
Cy — dve™

The term in front of the norm tends to C; for € — 0, so there exists a positive e
such that for every € € (0, €3) the above expression is greater than C2 II[V1]]. Thus,
we have

J (neaw* —ka A @ 1) > L V1| > 0.
o=1(V)

2|
Note that the above choice of €, depends just on the dimension k of the subvarieties
and on the Kahler classes [«], [w] in M. As we have just a finite number of possible
dimensions, that are k =1,...,n — 1, we can take €; independent of k.

Case 3: consider an irreducible k-subvariety V C M with p € V and consider its
proper transform V. Note that the blowdown map for V coincides with the map
o: Bl,(M) — M. Splitting the integral as we did in case 2, we find

J (new* —ka A @) = J~ (nea* ! —ka A @ ) A o*w—
v v

Let us set F = V N E, which defines a class in Hae (E,R). The first term is again the
difference between the linear functionals A and B in (sz(M, ]R)) - They can be
extended to Hox (M, R) @ Hae(E,R) by setting A(y) = B(y) = 0 for y € Hae(E,R).
Thus, choosing a norm on Hyk (M, R) @& Hae(E,R) such that there exist an irre-
ducible k-subvariety Vo of M passing through p and a cycle yo € Hye(E,R) with
I[Vo] + vol| = 1, we find as before that

Cp — dve™

o IV + [

J (néwk —ka A wkfl) >
v

Note that the choice of the norm does not depend on V, but just on the dimension k.
Similarly, we have the functional

C(I) —J AT
F
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3.3 — Inverse o,,, equations

extended to Hox (M, R) @ Hae (E,R) by setting C(y) = 0 for all y € Hp (M, R). Then
C([F]) = C([V] + [F]) is bounded by &' ||[V] + [F]||, so that

Cy — dve™
v ~ 1—ven
— e®(Mmé —ka)d’ ||[V] + [H]|
_ Cy— Czek —dve™ +yventk
1—ven

[ TV] + [FIf| —

I[V] + [F]|| .

The constants C3 and y are determined by expressing ¢ in terms of ¢ and €. The
factor in front of the norm tends again to C; for € — 0, so there exists a positive €3
such that for every e € (0, €3) it is greater that % Thus, we have

J~ (neaw* —ka A @ 1) > G

. 5 [TV] + [FI|| > 0.

Again, we can choose €3 not depending on the dimension k.

To conclude, choosing € < min{ ey, €, €3 }, we find that

J~ (new* —ka A @ 1) >0
\'

for every irreducible k-subvariety V of Bl,(M), fork =1,...,n—1. O

Combining this result with Theorem 3.1.9 of Collins and Székelyhidi, we obtain
the existence of non-trivial solutions on toric blowups.

Corollary 3.2.14. Let (M, wy) be a compact, toric, Kihler manifold, p € M a point
invariant under the torus action. Then the blowup Bl, (M) admits non-trivial solutions to
the J-equation A, ¢ = nc in the classes

[w] = 0" [wo] — € PDI[E], [a] = 0*[wp] — ae PDI[E], (3.2.11)

for € sufficiently small, provided that a < ;5.

3.3 Inverse o, equations

The same arguments of the above section extend to the study of the more general
inverse oy, equations, introduced in [Fang and Lai, 2012; Fang, Lai, and Ma, 2011]
with a geometric flow approach, which include the J-equation and the complex
Monge-Ampere equation as special cases.

The equation is defined as follows: let (M, &) be a compact Kidhler manifold,
wo another Kdhler metric. We define the inverse oy, equation on the space of Kahler
potentials H = { ¢ € C®°(M,R) | wg = wo + v/—103¢ >0 } as

n\ _
Awl™m = IS 3.3.1
<m> o4 Wy newg, ( )
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3 — The J-equation

where c is the constant

c= <“> e C0 (33.2)

m nlwel™

depending just on the Kéahler classes [«] and [wo]. We will call it the oy, constant.
Note that the inverse o equation is the J-equation, while the o,, equation is a
complex Monge-Ampeére equation. Applying the arguments of the above section,
we obtain without any difficulties the following results.

Proposition 3.3.1. The following statements are equivalent:
n _
1) < >ocm/\w“ ™ —ncw™,
m

1
2) ﬁ/\ﬂ}ocm =nmlc.

The proof easily follows from Weyl’s formula. We can also state a maximum
principle for the general inverse o, equation: in local holomorphic coordinates, it
is a second-order nonlinear elliptic PDE in the Kéhler potential, written in terms of
the mth elementary symmetric function evaluated on the eigenvalues of the matrix
g“zocﬂ-(. Indeed, the symmetric functions oy, are defined via the relation

n
det (&) + tg o) = Z om (g™ o) t™. (3.3.3)
m=0

On the other hand, the determinant on the right hand side can be expressed as

: .z det (gi; + toy;)  (w +to)™
det (8] + tg™oyp) = ! L =
e ( 1+ g (X]k) det(glj) wn
_ i <n> ocm/\w“_mtm
m w™ ’
m=0

so that the inverse o, equation can be written as

Gm(gikocj]g) =nc. (3.3.4)
We consider the operator
n\ amAwrT™
Fm(d) znc—< >n"’ (3.3.5)
m wy

defined on the space of Kihler potentials. Recall that the variation of F,, at ¢ is the
linear operator D, Fy: C*°(M,R) — C*(M, R) defined as

DgFm (&) = % Frn(d + €&). (3.3.6)
e=0
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3.3 — Inverse o,,, equations

Set ge iy = giy + 0105(d + €&) and define for simplicity the matrix A = (gg‘ocj]g).
We have Fi (¢ + €€) =nc — om(Ae), so that

dom(A) dgiF
aa} de

e=0

00 (Ag) :: .1
:< m( 0)953 96%12) 0+0s5&.

i
aa)-

DgFm (&) =

—FIi(4)
Then we have that the linear operator
DgFm: & — Fia($)0:05& (3.3.7)

is elliptic. Indeed, for any point p € M, choose a normal holomorphic coordinate
system for the metric wgy at p, such that « is diagonal: (go,i;) = Id and (ay5) =
diag(A1,...,An). Here everything is computed in p. Thus

Ay = (g(i)f‘ocjg) = diag(A1y. .., An)

and, as a consequence,

Gm(AO) = Z Ai1 e Aim'

1< < <im<n

On the other hand, setting A¢ ; = diag(Aq,...,Ai—1,0,Ai41,...,An), a simple com-
putation shows that the derivative of oy, at a diagonal matrix is

aGm(AO) _ Gm—l(AO,i) ifi= j,
0 otherwise.

i
0 aj
Hence, we find that

i (AgnAs ifr=s,
F;ﬁ(dﬂ:{am 1(Ao,r) ifr=s

0 otherwise,

so that F3(¢) is positive definite, as all A;’s are positive:

Fia(d) = Z Mg A A
i]<-~~<im_1

i#T

As for the J-equation, we can prove a comparison principle for the operators Fy,,
and a uniqueness statement for the inverse o, equations.

Proposition 3.3.2. In the above assumptions, let &, \p € H be Kihler potentials such that
Fm () = Fim(P). Then ¢ >  on M. Further, if a solution on H for the inverse om
equation Fy () = 0 exists, then it is unique.
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3 — The J-equation

The next step in the analysis of the equations is the identification of a criterion
for the existence of a solution. Lejmi and Székelyhidi conjectured a numerical test
for the solvability for the inverse o, equations, generalising the criterion studied
in the previous section.

Conjecture 3.3.3 (Lejmi and Székelyhidi, 2015). There exists a solution of the inverse
om equation ()™ A w™ ™ = ncw™ in [w] if and only if, for all irreducible

subvarieties V. C M of dimension k, with k = m,m + 1,...,n — 1, the numerical
criterion

Jv <ncw‘.§ — <:1) a™ A wg_m> >0 (3.3.8)
holds.

As for the J-equation, the “only if” part can be proved looking at the eigenvalues
of the metrics. Further, it must be said that the only case where the above conjecture
is known to be true is the Monge-Ampeére equation, that is m = n: for the inverse
on equation the above condition is trivial, reflecting the fact that the complex
Monge-Ampere is always solvable.

The numerical criterion can be blown up at a point in the Kahler classes
[®] = o*[w] — e PD[E], [&] = 0*[] — ae PDIE], (3.3.9)

provided that a is small enough compared to the o, constant on M and ¢ is taken
sufficiently small. The theorem follows from the same analysis of the o, constant
on the blowup and arguments similar to those of Theorem 3.2.13.

Lemma 3.3.4. Consider a compact Kihler manifold (M, «) and another Kihler form w.
Let o: Bl, (M) — M be the blowup at a point p and take e,n > 0 sufficiently small such
that

(@] = o*[w] — e PD[E], [&] = 0*[a] —M PDIE], (3.3.10)

are positive. Suppose that 1 is of the same order of €, i.e. 1 = ae for a positive a. Then the
Om constant on Bl, (M), that is ¢ = (") & — )™ satisfies

m nlaon
< C_Q(n)yen a™/n n 2n
¢ = o =c+v|ic—— e+ 0(e™M), (3.3.11)
1—ven n \m

Theorem 3.3.5. Let (M, ) be a compact Kiihler manifold admitting a Kihler class [w]
such that the numerical criterion (3.3.8) holds. Consider the blowup o: Bl,(M) — Mat a
point p. Then there exists € > 0 sufficiently small such that

[®] = o [w] — e PD[E], [&] = 0[] — ae PDIE] (3.3.12)

are positive and the numerical criterion holds on Bl, (M) in the above classes, provided that

1
(“ >am < ne. (3.3.13)
m
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3.3 — Inverse o,,, equations

Sketch of the proof. The interesting part, where the blowing up condition on the
parameter a arises, is the case of subvarieties of the exceptional divisor. Consider an
irreducible k-subvariety V of the exceptional divisor, k =1,...,n—1. As ®|g = eA[g,
&g = ael|g, we find

o (e =) e o (o) o

The integral on the right hand side is bounded from below by a positive constant
Cy, as Alg is the Fubini-Study metric on the projective space. Thus, we obtain

J~ (n(:(bk— <k>5m a)k—1> =C (né— <k>am> ek
\% m m
=C (nc— (k>am) e +0(emtk).
m

Hence, if (“;11) a™ < nc, there exists a positive €; such that for every € € (0, 1) the
above integral is positive. The other two cases are similar to those of Theorem 3.2.13.
O

Again, we have the existence of non-trivial solutions on toric blowups, as
Conjecture 3.3.3 was proved by Collins and Székelyhidi in the toric case.

Theorem 3.3.6 (Collins and Székelyhidi, 2014). Let M be a compact toric manifold with
Kiihler forms o« and wq. Suppose that for all toric subvarieties V.C M of dimension k, with
k=m,...,n—1, we have

J (ncoulo< — <k> a™ A wgm) > 0. (3.3.14)
Vv m

Then there exists w € [wo) such that ()™ A w™™ ™ = ncw™.

Corollary 3.3.7. Let (M, wq) be a compact, toric, Kihler manifold, p € M a point
invariant under the torus action. Then Bl, (M) admits a solution to the inverse o
equation (7)™ A w™ ™ =ncw™ in the classes

[w] = 0*[wo] — e PDIE], o] = 0" [wp] — ae PD[E], (3.3.15)
for e sufficiently small, provided that (™ ')a™ < n.

Let us study now the blowup of the projective space: Bl, (P™) for a generic point
p € P™. This case was analysed in details by Fang and Lai via a geometric flow
approach. More precisely, the following theorem holds.

Theorem 3.3.8 (Fang and Lai, 2013). Let M = Bl, (P™) be the blowup of the projective
space and denote with o: M — P™ the blowdown map. Consider the metrics

B e ro*[wps] — PDIE], fi € s 0*[wgs] — PDIE], s> 1, (3.3.16)
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3 — The J-equation

satisfying the Calabi ansatz. Let ¢ be a solution of the inverse om-flow on the space of
Kihler potentials H = {¢$ € C®°(M,R) |+ v/—100¢ > 0}:

~ 1
m SM—1m m
0be _ ot ((“) PTAR T > , (3.3.17)
ot m amn

where fiy = fl++/—100¢¢ and € is the oy, constant on M. Then, if the numerical condition

Mgt~ M 1 n—m
>

3.1
R - (3.3.18)
holds, the potential ¢ converges as t — +oo to a smooth Kihler potential for 1 (in the
topology of C*°(M, R)), and the limit metric T, satisfies the critical equation

<:1> B™ARY™ = neAlk. (3.3.19)
1

With the above notation, set ae = | and € = % Then the numerical condi-

tion (3.3.18) becomes

1—am™e™
— > a™

n—m
1—en n

(3.3.20)
The left hand side can be expanded in € as 1+ O(e™), so that for small € we have the
condition a™ < . On the other hand, as we are blowing up the trivial equation
in the Kahler classes [«] = [w] = [wgs] on P™, we have

m_ n—m
o= (M) wrsm w1y (33.21)
m nfwrs]™ n\m
Thus, the blowup condition (3.3.13) becomes exactly
n—1\ ., 1/n m n
a<n-— = at < —0, (3.3.22)
m n\m n—1

in accordance with the result by Fang and Lai.

We can also directly study the numerical criterion (3.3.14), as far as we blowup
a T-invariant point p of P™. In this case, B, (P™) is still toric and we can check the
positivity condition on all toric subvarieties. For simplicity, we will consider the
J-equation on the blowup of P> atp = [1: 0: 0 : 0]. To that end, let us consider
the fan X associated to P? (see [Fulton, 1993] and [Hori et al., 2003] as references
for Toric Geometry): it is the fan generated by the four edges Z(1) = {u,eq, ez, €3},
where { e1, e, e3 } is the standard basis in R and

u=—(e;+e +e3)=(—-1,—-1,-1). (3.3.23)
The cones of dimension 2 are
2(2) = { <u> €1> ) <u> 62> ) <u> e3> ) <€1, e2> ) <61, 63> ) <62» 63> }> (3-3-24)

while those of dimension 3 are
2(3) = { <LL, €1, 62> ) <‘LL, €1, €3> ) <ua €2, €3> ) <ela €2, €3> } (3325)

96



3.3 — Inverse o,,, equations

Here (v1,...,vk) denotes the cone generated by the edges vi,..., V.

Consider the coordinates (zo, z1, 22, z3) on C* associated to the ordered set of edges
(u, e1, e2, e3), which after the proper quotient by C* define the homogeneous coordi-
nates [Z° : Z! : 7% : Z%] on IP3. In the quotient, the pointp = [1:0: 0 : 0] corresponds
to the cone ¢ = (eq, e2, e3), so that to blowup IP? at p, we have to introduce the edge
v = e1+ex+e3 and, with the proper subdivision of ¢, we obtain the fan I’ associated
to Bl, (P3). The edges are (1) = {u, e, ez, e3,v}, the cones of dimension 2 are
given by

2'(2) =Z(2) U{ (e1,V), (e2,v), (e3,V) }, (3.3.26)
and those of dimension 3 are
Z,(3) = (2(3) \{C}) U{ <el) 62,V> ) <e1) 62,V> ) <62) €3,V> } (3327)

Consider the blowdown map o: B, (P?) — P°. The correspondence
{ cones of £’ } +— { non-empty T-invariant subvarieties of Bl,, (P3) } (3.328)

allows us to immediately find the subvarieties we need to check for the numerical
criterion. Let us list the toric subvarieties, excluding Bl, (P3) and the T-invariant
points, which correspond to { 0 } and the 3-cones respectively.

cone ‘ subvariety
u o1 (Zyg=0)={Zy=0}
e o 1(Z;=0)
v E=0o"(p)
(wey) | 07 HZo =2 =0)={Zy=2; =0}
(eiy€j) o 1(Zy = Z; =0)
(v, ei) o1 (Zi=0)NE

Consider as before the Kéahler metrics on Bl, (P3)
w € o*[wps] — e PDIE], & € 0" [wps] — ae PDIE]. (3.3.29)

We have the associated J-constant
1— 3
c=— 2 _1_qed+0(eh). (3.3.30)
1—¢€3
Let us just compute the integral along the toric subvarieties associated to the five
edges of Z'.

1) The hypersurface V,, associated to u does not meet the exceptional divisor, so
that we can reduce it to the integral along a hypersurface in P°:

J (3c@w® —2& A @) = (3¢ —2) J wis
Vi 70=0 (3.3.31)
= (3¢ —2)=1-3ae’+ 0(e’).

Thus, for small € the integral on the left hand side is positive.
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3 — The J-equation

2) Consider now the hypersurface V; defined as the proper transform of { Zt =0},
which are identified by the edges e;. With the same calculations as in the
proof of Theorem 3.2.13, we have

J (Bew? — 28 A\ @) = (36—2)J whg — (36—2a)e2J A
Vi i=0 ViNE
— (3¢ —2) — (3¢ — 2a)€?

=1—(3=2a)e?+ 0O(ed).

(3.3.32)

Here we have used the fact that

J A= ‘[ wFS’PZ = 1, (3333)
ViNE Wi=0

where [W!: W2 : W3] are the homogeneous coordinates in E = P2.

3) Finally, the integral along the exceptional divisor is

(3.3.34)
— (3¢ —2a)e? = (3—2a)e? + O(€).
Here we have used the fact that
J A = J wFS,]P’Z = 1, (3335)
E P2

where again [W! : W2 : W3] are the homogeneous coordinates in E = P2. For
small ¢, the integral along E is positive, provided that a < 3.

The same calculations can be done for the subvarieties associated to 2-cones. The
result is that the positivity condition holds for e sufficiently small, if the blowup

parameter satisfies a < 3. This is again the blowup condition found by Fang and

Lai and the same of Theorem 3.2.13.
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