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Exercise 1 (Cauchy-Riemann equations). Let f be a holomorphic function on an open U C C. Write
f(z) = u(x,y) +iv(x,y) for z = x + iy, considered as a real differentiable function on R%. Prove that

Uy =0y, Uy = —Uy. (1)

Exercise 2. Let 1y, be the counter-clock wise oriented circle of radius r centred at the origin 0 € C. Prove

that, forn € Z,
1
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7{ 2" Vdz = 8,0. (2)
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Exercise 3. Show that if f has a pole of order 1 at zg (also called a simple pole), then the residue can be
computed as

Res f(z) = lim (z — zo) f(2) . (3)
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Exercise 4 (Residue theorem). Let 7y be a counter-clock wise oriented loop in an open set U C C that does
not cross itself and contains the points z1,...,zN. Let f be a holomorphic function in U \ {z1,...,zn}
with poles at zq, . ..,zN. Then

3 f f@)d2 = Y Res £(2). @

27T -1 z=2z;

@ Hint. Consider (small enough) counter-clock wise oriented loops around the poles, 1, . . ., yn, and the deformation
of the contour y Uy U - - - U yN depicted in figure 1.

Exercise 5 (Basel problem @). Prove the identity Yoo 4 % = ”72 The left-hand side is the Riemann
zeta function {(s) == Y = evaluated at s = 2. Can you use the same strategy to prove the following
equation?

k1 Bax(20)%

0(2k) = (-1) 200 (5)

where By, is the m-th Bernoulli number. What is wrong with the odd values of the zeta function?

@ Hint. Consider the function f(z) = % cot(mz) and the residue theorem.
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F1GURE 1. Contour deformation in the proof of the residue theorem.



