
Tlurwitz theory , with (a) spin
Overview : 1) /Spin) Hurwitz #s & rep theory

2) Fermion formalism & top. recursion
3) EL5V & applications to GW theory

LECTURE 1

§ 1.1 ) (SPIN) H#s :

" Hurwitz theory is the enumeration of
branched covers of Riemann surfaces ,

/¥7 1) Natural counting (maps between curves)
2) Relations to • counting of permutations
continent

.

• rep. theory of symm . group
3) Relations to • integrable hierarchies , matrix model

math- ph
• topological recursion

4) Relations to • moduli space of curves (EL5V)
alg.geam • GW theory of P

'

• Masur- Veeck volumes of holon . dips
cmct

, Conn ,
RS

D-efn . Fix a base 137×1
,
. . .

,
✗ µ ,

and µ; . . . ,µk 1- d. The Hurwitz number

HD1B;µ; . . . ,µʰ) is the number of Iso classes of covers of:C→B where

• C is cmct
,
Cohn

,
RS

• f- is ramified over × ; with ran. profile µi } of type ( µ! . .. ,µ" )
vnromified elsewhere ,

d : I

• If :(→B) ~ ( I
'

: c'→B) If I C -7 C
' bihdom at . C → c

'

☐☐↓



• the weight is ,A÷e→ ,

~, HD1B;µ
'

,
. . .,µᵗ ) = ¥5 |A¥sl

Notation . Disconnected tt#s are devoted as HG1B;µ! " ,µk ) .

I C possibility disc.

Eact ( Riemann - Hurwitz formula) . if:C→B of type (µ
'

,
. .

.

.ph/2gCc)-2--dl2glBI-2) + É( d- Ellis)
-

~-

Consequence of a general formula between line bundles :
g.=p;

[
canonical bundle = cotangent bundle !¥we ≤ f-
*

WB ☒ 0C I Cep - 1) p) ② •

µ!
- ~ - pc- Pan/f)

hdomdifsholomdi.RSmert ↓
on C

=

on C with

Example .

Zeros oforder ep- I
× 0h C with poles

of order ep- I B *!at p at p

① P
' →t P '

2- 2-
2

→ Gen .
2:|

ramified at 0
,
as

Aut(f) = I≥ = { 2- ↳ ±z}

⇒ HIP '
; 121,121) = I { 2GW -2--21-2)+ [(2-1)+(2-1)]=-2

② P
' E) p'

⇒ g(C) = o ⑦
2- ↳ zd

→ geh d:|

ramified at 0, as
Autlfl = Zd = { 2- ↳ 52-13%1 }

⇒ HD1P
'

; (d) (d)) = d-

③ T = { (✗if) / y2= ✗3+9×+6} Is p
'

~,
gen .
2: '

fan at
3 roots of x7axtb

(XY ) × and ✗ = as



Auth) = 22 = {Hy)↳ (×
,
± y)} ⇒ HIP :(21,121,121,121) = £

WHAT ABOUT SPIN?

"

spin Hurwitz theory is the signed enumeration
of branched covers of RS "

Dean . A spin structure on B is a holomorphic line bundle
•→B st

. 90×2 I WB

Ex . Spin structures on P
' ? Recall :

P
'

= { ✓ ≤ 42 / ✓ = 1-dim vector subspace}{ 0th → p' taut
.

live bundle
,

01-1)v = V

Fact ① : if L is a line bundle over P
'

,I-d-CZS.tl
± @C-1)④

d
= .

. @C-d)

Fact ② : Wp , I @C-2)

⇒ 01-1) is the only spin structure over P
'
.

Refn .
① → B a spin structure . Define parity

pH) = h°(13,9) (mod 2) where h°(B.9) = dimeH9B,9)
-

space of global sections
poo. if pM=o

→ & is of O→B

neg. if plot -_ I



Take f : C→B of type (µ
'

,
. . . . µ

" )

we ≈ f-* WB ⊕ @ ( E ( ep- 1) p)
prom.

I parts of µi
Suppose I→ B is a spin structure:

@④
2
E WB

II all parts of µi are OID ,

then ep-1 is even !

If ÷ ftp. ⊕ @ ( I eP÷p )
prom

is a spin structure on C:

⇒2
= 1*00×2 ⊕ @ ( § Lep- 1) p) ± we
-

I WB

Refn .

Fix B 7×1
,
. . .

,
✗
r , µ

'

,
. . . ,k 1-d ODD partitions . Fix

②→ B spin strat. Define spin Hurwitz numbers

HD1B,9µ
'

.
. . . ,µʰ> = ¥5 ¥iÉ

"

↳1am dips) - vd /
"negative

"

Rink . Spin H#s are related to roll
"

positive
"

↳am d.µ)

Rink . 1pm) lptn , p-n)
In behaves well



Pi ☐ I •

§ I.1) GEOMETRY É↑ ALGEBRA ÷:* :÷÷É4

HURWITZ Éµ
"

↓É¥*' ÷:}w
- - y! re"YB'{×, . . ,×.},⇒

112

0
° Do

o) IKEA employee takes order f-i B-
+ instruction

booklet 2-7=7
1) Cut B into a topological disk Do , with cuts

containing branch puts ⇒ C cut into d disks Die . . ,Dd

2) Choose ✗◦ E TÉ = B-{✗ i. . . . ,✗x} ⇒ p.ge f-
'

(Xo) in Di
, j =

'
,
. . -

,
d

✗ c- a-, 1B¥ ,%) , ⇒ ! lift % that starts at [ lot =p
j

It will end at Jj / 1) = poy.gs , 8 c- Sd

⇒ f : I. 1B¥, × .) → Sd monodrany representation
8 or

If 8 is a loop around ✗i ⇒ f (g) has cycle type µi
We say that g has type ( µ

'

.
. .
. ,µM .

TIM . There is an automorphism preserving bijection

iso class of covers

{labeled) of:(→B + it monodr. reprs

C is possibly disc. } Is { p :*,lB* , -3 →Sd }Tom . at ✗ i
,
. . .

,
✗ K

ram profile µ
'

,
. .

. ,µk
Of type µ

'

,
. . . ,k

odd W / or w/o a lift
of is positive/veg. to Ed

ÉN! Spin symmetric group : ◦→ 22 → Ed → Sd → ◦



Refn . Define the group algebra

①[Sd] = { I aoo / are ① }
8€54

with addition and melt
. by Solaris

[ ago + % boot = § Carbo) , A [ ao8= [Hao)o

and multiple given by milt. on Sd ,
extended linearly.

E± If µ td , Cµ = E o

o of cycle
type µ

For 01--3 : id

/
µ =L ' ') cnn.ir = id

112)
( 13) µ

= (2 1) C12 is = (121+1131+123)
123)

µ = (3) Cfs) = 1123) + 1132)
(123)

(132)

Ttm .
If B.=P

'

, coeff of identity
I
go

H;¥"µ↑ . . . ,µᵗ ) = [ id] .k Gun . . - Gi

pro-of.IT ,
/P' \ {✗ I

,
_ ..

,
Xr}

,
✗a) ≈ [ 81

,
- ,
8k / ✗ " ' 8k) .

This
,
a wonodromy rep of type µ

'

,
.
. . ,µʰ is a choice of

poi ) = oi of cycle type µ
'

,
w/ %. .

. I = id

E-× : H; / P
'

; 131,13)) = ÷, [ id] Chicks = }T
.

= I

127) + ( 1321]
>

= 11321 + ( 123) t2id



D-efn .

Class algebra of Sd is the centre of ①[Sd]

2-
¢
= { ✗ c- CITED] / ✗if = yx tye ①Isd]}

Facts : ① V-ptd.cm E Zd and form a basis (as vector space)

2- d = ⊕ Q Cy
Mtd

② (Maschke) 2-①[Sd] is a semisimple algebra : #basis (ea)1+d st.

ey . eat = 84,1' EA

and the change of basis ( Cµ)µtd ( ea) and is given
by characters of Sd : Va irrep of Sd

Iq : Sd → GL1V,)

(
µ
= ¥ ¢µI %

• ✗+(µ = trCÉHoD • of cycle
type µ{ e, = diI [ ×, /µ)Cµ • dima -- dimly

= Xx ( Id )
I
= di-m.tt

"
id + . . .

• KµI=# { oesd of cycle type µ}

Thin (Burnside formula)

H:(B;µ
'

, . . . ,µᵗ ) = { ( dint )
"" IT / qui ,

Xa
Atd d ! it dim7

Proof. For P!

H:( P
'

, µ
'

,
. . . , ↑ ) = 1- [ id] Cpr . - - Gi

1
d !

= ¥,
Ed] E KµiI¥Y eai

A! .. . , 7k I = ,



= &,
[id] I ! knit EÉf)e ,Atd i= ,

f-
Efi¥" /2¥14:| Eti '
Atd i=i dim(1)

Ii > Ii- I

1=17
, ,
. . .
Ae)

LSPINTI Facts : ① { irreps of Ed} { 7 td I 1 is strict}

② A basis of the spin class algebra is

Id = ⊕ € . Ed ↓
Mtd
odd

IH91 spin charade

Thin (Gunningham
'

formula)

H:(Bit ;µ; . . . ,µ)=É¥""EHP"%pd¥;fj"%,%,
Elis

Atd dimtt)
strict i= ,

5

pA) = {
' if E1H is odd

0 if UH is even

LECTURE 2

From now on: • { B=P'
in ordinary case

B=(P'
,
0th) in spin case

• µ
'
=

µ {
a generic partition of d in ord . case

"
-" odd partition of d in spin case

order terms
with {
"' '"t.in ord ease

• µ2=µ3= . . .
_? (rtl

,
I
,
. . .

/
1) + lower

r≥ , even integer
spin case



In ord
.
case:

←Pd
= } Itd}

¢
① Zd → ᵈ is an iso of algebras Id És

Em IEµI I. IN [Guts KµI¥, =:& ⇐
=:$

② If µ = 1T¥ Pµ + t.at
.

with pµ= IT pµi pµ= Tippi

and 1pm
/ 1) = [[His -k+É)ʰ _ f-k+É )]

K>oF-
µ
= ÉµiP9 ↑ shifted symm. f-nets pm= power

suns

→ µ:p? - = ¢
" / Prix) = : Era

. ⇐N?T Similar construction

[ completed É
4th - cycles

D_efn .

For r≥I
, µtd rb = 2g-2+41 +d

h•"

,
H:(P ;µ ,
# ib )

g ;µ
=

g
Me

= '^-÷Y I
'ftp.WIP;÷)b = #↑i€¥↓d: ' }

For r ≥ I even
, µtd odd FE1P '

[ •it
g.µ = IA-tb.FI 1-1%1*1,041 ;(É+ ,

)↳ )

1=1^-1*2 . . E d'

a strict
/ 2¥É¥,)2ÉµHK¥¥Yb

Me
&

me
8

=

#{
€É positive

Id: ' } - #{
€É negative

Id: ' }
◦•;P ' EEP '



§ 2. 1) KP & FERMION FORMALISM

"±¥"É
" """"" " " " "

" "¥ &"

3 dtzhtdt.l-4@tzut6u-l.ht 2É n) = o . KP eqn

{ : ?

Refn . Define GR2 (d) as [Xo : - i ✗ s] EP5 s -

t
.

✗◦ ✗ I -I×3t×4×µ
Gq(①4) = { W ≤ ¢4 /

✓= 2-dim

subspace
}

Spence, e
'

) ↓
I 1ps =p Ñc4

Take ≥
'
= 2+1-2 . ene'

✓= ⊕ C. es
,

V+ = ⊕ ¢
. es

s E Z
'

SE≥'+

Defy .
Fock space charge -_◦ subsp.

↓

5- = span { es, nes, ^ . .. I
# ce≥ at

' for

k⇒◦}y
,Sk - ( k - 1)= a
≥

charge
- - ^ esther ^ . - = fi ) . _. Hermes^ . -

EI
.

10> = elk ^ E3K ^ EE12 ^ " C- 5-
°

5k = K - 42 tk

L vacuum

f- Itd → 17) = ei
,- a.

^ ez.az ^ . _

D-efn .
Sato Grassmannian as

GR1V) = { W ≤ V subspace / Tw : W→ V+ is an iso }

%"J{ I - finds}



TIM . Define GR1V)→ PF0
W ↳ Iw_

'

( ey≥)n IT (e>g) A . _ .

Then Iw> c- PF° is in the image If

I 4s / w> ☒ HE / w> = o
SE≥'

% = es ^

creation operators (569 & annihilation operators ↳so) .where { 4£ = LEE
→ repr. of Clifford alg: 34,4£} = 8ns,

{4,43--84%+3=0
How to go

to fnctst-cctti.to ,
. . .

] satisfying PDEs? (fermions)

+

Ihm (Boson-Fermion corresp) . Set In = I
sezi

i ¢
- s 45th : he≥

.

[ currents

BF : 5-
°
→ ①[ti

,
-4

,
. . .
]

Iw> to fol et"" / w>
,

H1E) = I tn Jn
h>0

I take off. of vacuum
is an isomorphism .

Corollary .

I E Patti
,
tz , . .. ] lies in BF ( Im(GR1V) → PE ) if

§ exp / 2 E 2-
b. tie ) exp /-2£ II ¥

,
)tlt-Ht(t+t' )dz

K> 0

order by order in Taylor expansion of tie .

↓ taking offs

PDEs satisfied by T

Fact : Grassmannians are homogeneous spaces : GU64 a Grade" ) transitively.

Q :
Is this true for GR1H ?



Dean . g↑ /d) = { C + Ie≥, Xr.si/kr4s+:/c-cGXrseQ--oforIr-S/ Do }

Giles) = { e.& . . e
" I gie gits)}

Fact : GT1H a GR1H transitively ,
i. e.

GR1V) = { e9 ' . . - e& µ / gie 9TH ,
KEN }

CE .

I C- Betti
,
tz
,
. . .] is a

tav-fnc.fi/ptl-t)=foIeHH-te&--.e&lo) for some gi c- tiles)

Q : Natural elements in gas) ?

• I = { :
4-s4Én : c- Ics)

St≥ '

se≥
,

i 4-sÉ : c- g↑(as)• Fm = [

How do they act?

Jµ ,

- Jµn /7) = ✗µ
/A) to> shifted symmetric that

←

Fm 17> =pmHH> , 1pm /A) = É
,
[ (Ai - it's)ⁿ - fi + IT]

(I,)ᵈ to> = E dim /1111>
Itd



TIM ④banker) . Consider the

tau-fndtrlp.tl= To / et
"" efÉe" ' /a)

Then

trip ; E) = §≥ . ±, É aiikpffi.IT tµ.
µ , - "↑ " "

aint b;µ = ,Éµ^aIµµ;÷")bd;y⇒ =

?
Hurwitz
#s ?

Proof. e±' to> = §
,

(J- Dd Io)

↓É ¥
. ,

dim (1) 17)

e%e"

;
£ HE /É÷)b

= ⇐ IT £ ¥ ¥, dimaµ;÷Y)4⇒
Apply fo /et

"" to get the thesis .

↳
.
The generating series of H# is a tau - fact of the KP hierarchy .

µ
cut-and-join operatorWHY USEFUL? 1) Cut - and-join eqn :

dirtPitt
=

ePWᵗ1 6- Fastest way to

① compete H#s

2) Allows for explicit computations:

hg; = to /EI-f://E.i-P-s.to)



→ commute Jµ, until they hit to> → Jµ. to> =o
↓

known Comm .
relations

corollary .
hr

¥-2
r L¥JµL¥J

9=94--141 =
d-

⇐µ
, hg-99=19"↑" = µ÷µ2 ¥÷É

B- Fock space ,
B- Grassmannian = ④a) to)

[ Eos) = skew - symm¥N / B.kp hierarchy matrices

→
① gen ser of spin H# is a BKP ta - fnot

② explicit formulae for (9--0,441--1,2) i. e. cap and tube

§ 2.2) TOPOLOGICAL RECURSION

spectral curve t-lwg.nl g> ◦
5

n ≥ ,

✓
i) E = RS (not necessarily cmct nor Conn )

✗ simple ram at
,
. . .

/
ar

ii) ✗ if : E → ①
, {

y hokum. around ram puts
iii) B symmbidi It with double pole along diagonal

1312-112-2) ÷ , / ¥1122,2 + tolan )d£d£≥2- , → a



Recursion : Wq, = ydx , Wqz = B '_É!
EEZ)

Wg,n(2-1 , . . . , 2-n) = [ Res ka (2-1,2) / wgi.ws/Z,0al2YZz,---,Zu)
a c- Ran /X) 2=9

i

+ [ Way ,1+11-71/2, 2-I,)Wgz ,/ +1+-21%12-1, 2--1-2)
⑨+92+-9
I ,wI2={2, h} I

91

%""

I
≥

Wgm have specific pole structure :

→ wqn are unique solution to loop egns

Refn .
✗ 12-1=10912-1 - £ , YH1 = 2-

,
B12-1IH = ¥÷ᵈ¥:p .

No
,
12-1 = d [ hÉd, e↑

""

,
w
,>

12-1,2-2) = d.dz £ hqfµ,µ, e↑
"

"etʰ
""

d? I µ ,µ2? '

using explicit hqid,

TIM . Wqn 14 ,
. . . ,Zn) =D,

- dn I hgᵗ,µ ¥
,

"""

satisfy loop egns .

µ,"µn
[ Bouchard-Marino conj 4=21 ⇒ Wgn are given by TR
Proved by Eynard -Safnuk-Mutare

General ri Shaolin + school

Modern approach : Bychkov- Dunin-Bartowski - Kazarian
-Shahin



LECTURE 3

Reap .

r ≥ I
, µ=(hi , . . . ,µn)td , of≥o

hair = # µ?
&

↓d :c

F- *
/

1) h ;ir -
, /di÷Yfµl" / P;;÷↑

- HIT ;÷lI÷j⇔%) ⇒ ⇔

2) ✗ = log /Z) - I

8=2 ⇒ wg.in/Z,....,2-nI=d,...dnEhtg;y.Ie"
"""

MY"{
1312-1,2-21=1%7%-2-212

§ 3.1) MODULI SPACE OF CURVES

Fix gin ≥ ◦ s.t.org-2in > ◦

cgenusg.smaofthc-crvm-g.in= { (Gpi , . . . / pn) / py . pn labeled Sm puts%
Cat worst nodal

nodal : ¥ '"" ' °

¢ ,p. . . . ,pn)~(Gpi , . . . / pit if
-
' '

-

locally : ×y=o Ey :c → c
' bihdan.

, qlpi ) =p!

Good : cmlxorbifold , dime = 3g -3+4

Bad.fm#n



Natural naps (gluing naps)

: M-g-i.nu → Ñgm
-

ti Mg, in .tl × Ñgzihztl → Ñg,n

WHAT FOR?

curves of

genus of# {w/ n puts } =?• = / inter
. of ooh . classes

+ structure g,

Ñ
"

Q : Can we understand

HGM-g.us?D-efn
.
Natural cohomology classes :

• Li → Ñg,u line bundle
⇒

4. = GCLI) etkl-g.us
<
i / 4pm . .

. ,pn)
= Welp ; ti = I

, .
. -

,
h
,

• E- → Ñg ,n 8k¢ -_

of bundle

€ / capi , . . . ,pn)
= H4C , we) = holomorphic dips on C

↑

Ifc is smooth
g

⇒ Alt) = I ↳(E) tʰ Chem pdy of E
b. = 0

Main property : Ntl behaves well when giving Rs

• of hg.nltl-hg-i.net

• "
* ^9" It) = ^g, ,n,+, It) ⊕ Again, (f)

} <◦homological version
of 2d TFQF

I terms appearing in TR !



Thin (Dunin - Bartowski -Orantin -Spitz-Shadrin)

{ topological recursion } { CohFTs}

✗ = log ≥ _ zt
→

E' ^"'

y = 2-
.

What is the COHFT associated ᵗ° /
B. = dz_dzz r≥2 a generalise.

/ 2-, - 2-2)
2 8th roots of holon.

dips

Thin (EL5V)

r=i "

P ^hg:p =
IT I
i= '

µ; ! M-qnti.in ( I -µi4i)

simple H#

TIM L spin EL5V)
f
TH odd !

E-
'

[ F-2
gig

= 29
" " IT Mi Pñ,nt¥!%+isin LÑÉ !

§ 3.2) APPLICATIONS TO GW THEORY

Fix ✗ smooth cmct cmlxmnfld (target) .

GW invariants = counting RS in ✗

of ✗ meeting prescribed
conditions

Ex : How many 9--0 curves of deg=d pass through 3d-1 puts in P2 ?

d

/
I 2 3 4 5

Nd →

Nd ' I 12 620 87304

Nd = recursion

(kontsevich)



GW invariants of ✗ = path integrals
in topological string theory (✗ = space-time)

Ñgn /Xp) = { ¢ ,p, , . . . ,pn , f) /
GP1 , _ .:P" as before

↑
if :C→ × , Autlf) finite

f*[C] =p
f. c- H2K)

Facet : Ñqn( XP ) is a DM stack
,

virtual dime = Him ✗- 3)G-g) + Ppc,4) + n
+ virtual fund .

class

evi : M-g.nl×
,
B) → ✗

[Gpy . . . ,pn ,
f) of /Pi)

T : Ñg,n / ✗ if ) → Ñqu → ¥ :=n→

D-efn.fi c- H•(x)

ftp.lks-itknlrn))" IT Levi's;) 4,4
g =P

[ ttg.nl/,pjyviri--
I

g
= genus of curves

in ×
, dog pIdea : 6%18,1 . . - Trenton)>

XP

intersecting [gifts

¥ : [ to / pt) . . [◦ ( pt)>
P? dtH]

◦

= Nd

o- dim 2-dim

↓ ↓

Question : understand GW invariants when ✗ = pt , C 5 , .
. .

↑
'

1-dim

• 0- dim : Witten's conj / kontsevioh them (19921

→ recursion for GW invariants: Virasoro constraints



• 1- dim : Okounkev - Pandharipaude /2006)

1) Complete study of P
'

by localisation ÷ =
E ✗

K

0

µ ITevfpttiki-spqg.ua/-nnTdfi4ikitM-g.n/P;dtH]))
""

°

[
× 0

moduli space

of maps into fixed puts 0, as

I

ftp.lpt) . . . Irn / pt))
# ᵈ""

=
Hurwitz numbers

of

vacuum expect values
= Hd ( P ! [1k, +1,1 . . . ;) , - - - , Élkntii , . . - i)) in Fock space

= Eat, [ 12-7 IT
i=i

2) Complete study of any curve by degeneration to P'

[ C' C2

→ ④•①
GWCC] Gw(G) + GW1W

1IM .

The generating series of GW inv of any curve satisfies
IVirasoro constraints .

g , , . . . ,gg , p , , .
. . . pg ~,

% ↳ at 14
"

sie ,
-5in Hewitt

"

pt ev
>pit
"

• 2-dim (w/ Reinier + Dani + Adrien Sauvaget) tie ev*ptY"

o) For some surfaces 5 ( smooth canonical div D) GW invariants

localise around the canonical div D (a curve inside 5)

S
•ftp.K/...trnlrnI)&Pg--ON--.#E-

unless f. = DID]

• ftp.KI.itrnlrnl); 'd depends
on D ,N only



GWCS) 6- GWCD
,
N )

I ↑ normal bundle
spin GW N0-2IW

,
is a spinster!

Inv of ☒N )

UP1-1OT : if we understand spin GW invariants
,
we understand

GW invts of many surfaces .

1) Complete study of ¢!@1-D) by loc.

µ Tier,÷pᵗ4." → P N21 AHI Idi 4.
"

[Ñg.nl/P;dttD)7'
"
'
°"" Ñgµ

I

spin Hurwitz numbers

{ It
,

/ pt) . . .im/pt1)tHtiHtHIg--HdlPI0tYC=lk+;i...is,---iCIkn+ii....i')

2) Degeneration + Virasoro : WI


