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Detached maps and the TR kernel Maps

Maps: discretised Riemann surfaces

Definition
A map of topology (g,n) is an equivalence class of a connected graph T"

properly embedded into a topological, connected, oriented, closed surface
> of genus g, such that

m E\F%]D)Ql_l-‘-l_l]D)Q, called faces;

m it has n marked faces (boundaries), labelled by 1,...,n, with a
marked edge;

m unmarked faces are at least triangles and have finite length d.

Two such embeddings I <— X and IV < X' are isomorphic iff there exists
an orientation-preserving homomorphism ¢: ¥ — ¥/ with

m ¢|r is a graph isomorphism between I" and T”;

m restriction of ¢ to marked edges is the identity.
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Detached maps and the TR kernel Maps

Maps: discretised Riemann surfaces

Set M, »,(v) = { maps of topology (g,n) with v vertices }, which is finite.

Goal
Count the number of maps of a fixed topology and #vertices. J
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Detached maps and the TR kernel Tutte's equation

Generating series

Define the generating series

o) Z 1 Hk>3 tfg\[k(m)
W!J,n(‘rl)"'axn): t’ 14-¢ mi 144, (m +
v=1  meMyn(v) | Aut(m)| 371Jr L) g )
t
—04,00
+ I 9,00n,1,
where
N3(m) = #Aa N4(m) = #Dv
£;(m) = length of the ith boundary.
Question
Can we find a recursive formula for W, ,,? J
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Detached maps and the TR kernel Tutte's equation

Tutte's equation...

Removing the marked edge on the first boundary, we obtain Tutte's
equation

gn—1(x1,2r,) — Wg,n—l(xinyi)>+
Tl —

E:chgn .731,.'13L Za <

+ Wy—tnt1(z1, 21, 21) + Z Wi a1 (@1, 20 ) Wi g (21, 20),
h/JrhN:g
J'uJ"=L

where

Lf(z)=[V'(z)f(z)]-z — 2Woa1(z)f(x), Viz _% Zf k

Problem
The equation is not recursive in W ,,: we need to invert L, . J
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Detached maps and the TR kernel Tutte's equation

. and topological recursion

Theorem

With the change of variable x = o+~ (z + %) Tutte's equation is
equivalent to the TR formula for initial data

Y =CP',

z(2)

wo1(z) = Woi(x)dz

wo2(21,22) = Woa(x1, z2)dz1dzs + %

and wg p(21,...,2n) = Wyn(x1,...,2,)dxy - - - dxy, for stable (g,n). The
parameters o and vy are determined in terms of the weights t,t3,t4,. ...
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Detached maps and the TR kernel Detached maps

Problem is solved, but...

From Tutte's recursion

removing the marked edge

without changing topology Loy
and from TR
-1
K
£x1 — brn%l?s;')ts (217 Z)
Question

Does the kernel K(z1,z) has a geometric interpretation in terms of
“removing the marked edge until we change topology”? Is it the
generating series of some particular type of maps?
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Detached maps and the TR kernel Detached maps

Detached maps

Goal

Describe the TR kernel as the generating series of some detached maps (or
degenerate pair of pants, or pair of shorts), obtained by applying Tutte's
recursion until we change topology.
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Thanks for the attention

August 30, 2018
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