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Some definitions

• A bordered surface Σ of type (g,n) is a smooth, compact,
oriented, connected stable surface of genus g > 0 and
n > 0 labelled boundary components ∂1Σ, . . . ,∂nΣ.

• The Teichmüller space

TΣ :=
{

hyperbolic metrics on Σ
s.t. ∂iΣ are geodesic

}/
∼

fibers over Rn
+ via the perimeter map, and we denote the

fiber over L = (L1, . . . , Ln) ∈ Rn
+ by TΣ(L).

• Example: TP
∼= R3

+.
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Some definitions

• The pure mapping class group Mod∂Σ is the group of isotopy
classes of orientation-preserving diffeomorphisms of Σ that
restrict to the identity on ∂Σ. It acts on TΣ(L).

• The quotient space Mg,n(L) is a smooth orbifold (moduli
space of bordered Riemann surfaces).

• The space Mg,n(L) is endowed with the Weil–Petersson
measure µWP, and we define the Weil–Petersson volumes

V WP
g,n (L) :=

∫
Mg,n(L)

dµWP.
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Some definitions

• The moduli space Mg,n of smooth complex curves of genus
g with n labelled punctures.

• The moduli space QMg,n of pairs (C,q), where C is a
smooth curve of genus g with n marked points, and q a
meromorphic quadratic differential on C with n simple
poles at the marked points and no other poles.

• The space QMg,n has an integral piecewise linear structure
which allows to define a measure by lattice point counting:
the Masur–Veech measure µMV.

• Define the Masur–Veech volumes as

MVg,n := µ1
MV(Q

1Mg,n).
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First values of Masur–Veech volumes MVg,n

π6g−6+2n :

g \n 0 1 2 3 4
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Geometric recursion

• Andersen, Borot, Orantin in 2017, inspired by fundamental
results of Mirzakhani

• Input: initial data (A,B,C,D), where

A,B,C ∈ Maps(TP ,R) ∼= Maps(R3
+,R), DT ∈ Maps(TT ,R).

• Output: a distinguished element ΩΣ ∈ Maps(TΣ,R)Mod∂Σ ,
computed recursively in the Euler characteristic.

(A,B,C,D)
GR−→

(
ΩΣ
)
Σ
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The GR formula
Input. Initial data (A,B,C,D).
Output. Set

ΩP := A, ΩT := DT .

and for a bordered surface Σ s.t. 2g − 2 + n > 1, set recursively

ΩΣ(σ) :=

n∑
m=2

∑
[P]∈Pm

Σ

B(~̀σ(∂P))ΩΣ−P(σ|Σ−P)+
1
2

∑
[P]∈P∅

Σ

C(~̀σ(∂P))ΩΣ−P(σ|Σ−P).

1

2

n

=
∑

m∈{2,...,n}
[P]∈Pm

Σ

1
m 2

n

B

+ 1
2

∑
[P]∈P∅

Σ

1
2

nC

+

1

J

J ′

C
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The GR formula

ΩΣ(σ) =

n∑
m=2

∑
[P]∈Pm

Σ

B(~̀σ(∂P))ΩΣ−P(σ|Σ−P)+
1
2

∑
[P]∈P∅

Σ

C(~̀σ(∂P))ΩΣ−P(σ|Σ−P).

Theorem (Andersen, Borot, Orantin ’17)

If (A,B,C,D) are admissible initial data, then

• the series is absolutely convergent for the supremum norm over
any compact subset of TΣ;

• ΩΣ is Mod∂Σ-invariant, and descends to a function Ωg,n on Mg,n;

• if the initial data are continuous, ΩΣ is also continuous.

From now on, we will only consider continuous initial data.
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From GR to TR
Define (whenever the integral makes sense)

VΩg,n(L1, . . . , Ln) :=

∫
Mg,n(L1,...,Ln)

Ωg,n dµWP.

Theorem (Andersen, Borot, Orantin ’17)

Let (A,B,C,D) be strongly admissible. Then VΩg,n is well-
defined and satisfy TR: for any 2g − 2 + n > 2

VΩg,n(L1, L2, . . . , Ln) =

n∑
m=2

∫
R+

d` `B(L1, Lm, `)VΩg,n−1(`, L2, . . . , L̂m, . . . , Ln)

+
1
2

∫
R2
+

d`d` ′ `` ′C(L1, `, `
′)

(
VΩg−1,n+1(`, `

′, L2, . . . , Ln)

+
∑

h+h′=g
JtJ ′={L2,...,Ln}

VΩh,1+|J|(`, J)VΩh′,1+|J ′|(`
′, J ′)

)

with initial conditions VΩ0,3 = A and VΩ1,1(L1) = VD(L1).
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Summary

Input:

A,B,C ∈ C0(R3
+), DT ∈ C0(TT )

Mod∂T

GR output:

ΩΣ ∈ C0(TΣ)
Mod∂Σ

TR output:

VΩg,n(L) :=
∫
Mg,n(L)

Ωg,n dµWP ∈ C0(Rn
+)
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Example: Mirzakhani–McShane identity

The following initial data are admissible

AM(L1, L2, L3) = 1,

BM(L1, L2, `) = 1 −
1
L1

ln

(
cosh

( L2
2

)
+ cosh

( L1+`
2

)
cosh

( L2
2

)
+ cosh

( L1−`
2

)),
CM(L1, `, `

′) =
2
L1

ln

(
e

L1
2 + e

`+`′
2

e−
L1
2 + e

`+`′
2

)
,

DM
T (σ) =

∑
γ simple closed curve

CM(`σ(∂T ), `σ(γ), `σ(γ)
)
,

and ΩM
Σ ≡ 1 is the constant function 1 on TΣ. Thus,

VΩM
g,n(L) = V M

g,n(L) are the Weil–Petersson volumes.



Masur–Veech volumes GR & TR Masur–Veech polynomials Conjectures Bibliography

Kontsevich amplitudes

Set [x ]+ = max(x , 0). The following initial data are admissible

AK(L1, L2, L3) = 1,

BK(L1, L2, `) =
1

2L1

(
[L1 − L2 − `]+ − [−L1 + L2 − `]+ + [L1 + L2 − `]+

)
,

CK(L1, `, `
′) =

1
L1

[L1 − `− `
′]+,

DK
T (σ) =

∑
γ simple closed curve

CK(`σ(∂T ), `σ(γ), `σ(γ)
)
.

and VΩK
g,n(L) are the Kontsevich volumes

VΩK
g,n(L) =

∫
Mg,n

exp

( n∑
i=1

L2
i

2
ψi

)
=: V K

g,n(L).
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Masur–Veech polynomials: definition

For 2g − 2 + n > 0 define V MV
g,n (L1, . . . , Ln) as

∑
Γ∈Gg,n

1
|Aut(Γ)|

∫
REΓ

+

∏
v∈VΓ

V K
g(v),n(v)

(
(`e)e∈E(v), (Lλ)λ∈Λ(v)

)∏
e∈EΓ

`ed`e
e`e − 1

,

which is a polynomial in L2
1, . . . , L

2
n of total degree 3g − 3 + n.

Theorem (Delecroix, Goujard, Zograf, Zorich ’19 & Andersen,
Borot, Charbonnier, Delecroix, G., Lewański, Wheeler ’19)

MVg,n = V MV
g,n (0, . . . , 0).

The proof of DGZZ is based on combinatorial methods, while
our proof is based on geometric recursion.
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Theorem (TR for MV volumes. ABCDGLW’19)

The spectral curve on CMV = P1

xMV(z) =
z2

2
, yMV(z) = −z,

ωMV
0,2 (z1, z2) =

ζ(2; z1 − z2) + ζ(2;−z1 + z2)

2
dz1 dz2

produces TR output

ω MV
g,n (z1, . . . , zn) =

∑
d1+···+dn63g−3+n

Fg,n[d1, . . . ,dn]

n∏
i=1

ζ(2di + 2; zi)dzi

where Fg,n are the coefficients of V MV
g,n in the expansion

V MV
g,n (L1, . . . , Ln) =

∑
d1+···+dn63g−3+n

Fg,n[d1, . . . ,dn]

n∏
i=1

L2di
i

(2di + 1)!
.
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Theorem (GR for MV volumes. ABCDGLW’19)

The GR initial data

AMV(L1, L2, L3) = 1

BMV(L1, L2, `) =
1

e` − 1
+ BK(L1, L2, `),

CMV(L1, `, `
′) =

1
(e` − 1)(e`′ − 1)

+ CK(L1, `, `
′)

+
1

e` − 1
BK(L1, `, `

′) +
1

e`′ − 1
BK(L1, `

′, `)

DMV
T (σ) = DK

T (σ) +
∑

γmulticurve

e−`σ(γ)

are admissible, and the associated TR amplitudes equals the
Masur–Veech polynomials:

VΩMV
g,n(L) = V MV

g,n (L).
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Idea of the proof: curve counting

There are two “curve counting” functions defined on the
Teichmüller space of Σ that play an important role.

1)

BΣ(σ) = lim
β→∞

# {γ multicurve | `σ(γ) 6 β }

β6g−6+2n .

Due to Mirzakhani, VBg,n(0, . . . , 0) is proportional to MVg,n.
2) For a test function φ : R+ → R and β > 0, consider

Nφ,β
Σ (σ) =

∑
γmulticurve

φ

(
`σ(γ)

β

)
.

For good enough test function, Nφ,β
Σ is computed by GR.
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Idea of the proof: curve counting

1) VBg,n(0, . . . , 0) ' MVg,n

2) Nφ,β
Σ is computed by GR

Theorem (ABCDGLW’19)

For an admissible test function φ, the limit

lim
β→∞

VNφ,β
g,n (L)

β6g−6+2n

is proportional to VBg,n(L).

Considering φ(`) = e−`, we obtain the TR for Masur–Veech
polynomials. Kontsevich initial data are appearing in the limit of
Mirzakhani’s ones.
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The computational power of TR allowed us to make some
conjectures about the behaviour of MVg,n.

Conjecture (MV volumes for fixed genus and asymptotics)

There exist polynomials ag and bg with rational coefficients of
degrees

deg(ag) = b(g − 1)/2c and deg(bg) = bg/2c

such that, for 2g − 2 + n > 0,

MVg,n

(2π2)3g−3+n =
(
(2g − 3 + n)!ag(n) + (4g − 5 + 2n)!!bg(n)

)
.
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Only the genus zero case is proved (with a0 = 0 and b0 = 1),
while the higher genera case has been proved by by Chen,
Möller and Sauvaget (article in preparation).

Other results: connections with area Siegel–Veech constants
and conjectures for behaviour in fixed genus and asymptotics.

Open question

Are the MV polynomials connected to some integrable
hierarchy problem?



Masur–Veech volumes GR & TR Masur–Veech polynomials Conjectures Bibliography

Thank you!
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