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Imagine you want to classify your wardrobe, sorting your clothes by
type: you will fill a drawer with socks, one with your underwear, another
one with frousers, etc.



Classification problems
[ Jele}

Classifying objects

Imagine you want to classify your wardrobe, sorting your clothes by
type: you will fill a drawer with socks, one with your underwear, another
one with frousers, etc.

set of objects
+ = equivalence classes
equivalence relation



Classification problems
[ Jele}

Classifying objects

Imagine you want to classify your wardrobe, sorting your clothes by
type: you will fill a drawer with socks, one with your underwear, another
one with frousers, etc.

set of objects
+ = equivalence classes
equivalence relation

Another example: classifying finite groups, up to isomorphism.
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Moduli spaces
When do we talk about moduli spaces?

We talk about moduli space when
the set of equivalence classes has a “natural” geometric structure.

Example (Moduli of sphere)

A sphere is a set

d
Y x—p)? =R } c RO,

i=0

forsome d e N,, p= (P, ..., pPg) € RTTand R e R,

Then the moduli of spheres is
{spheres}/isomefry =N, xR,

where N, accounts for the dimension and R, accounts for the radius.
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Example (Projective spaces)

Consider the set of lines through the origin in C9+': the complex
projective space.
_ Cd+1 \{O}

cP?

where v ~ Av for some A # 0. It is a complex, compact manifold of
complex dimension d.
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Example (Projective spaces)

Consider the set of lines through the origin in C9*': the complex

projective space.
_ Cd+1 \{O}

where v ~ Av for some A # 0. It is a complex, compact manifold of
complex dimension d.

cP?

In many cases, moduli spaces are endowed with more geometric
structure than just the topology. For example, CPY has a natural
symplectic form, called the Fubini-Study form wgs, and

d d
dy _ ol
VoI(CPY) = Lpa 9 =g
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Riemann surfaces

Consider connected, compact, complex curves (also called Riemann
surfaces) with n marked, labeled, pairwise distinct points.
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Riemann surfaces

Consider connected, compact, complex curves (also called Riemann
surfaces) with n marked, labeled, pairwise distinct points.

Every compact complex curve has an underlying structure of a
2-dimensional criented ssooth compact surface, that is uniquely
characterized by its genus g.

We will call (g, n) the type of the Riemann surface.

Goal

Classify Riemann surfaces of fixed type, up to isomorphisms that
respect the marked points.
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A first example

(g,n) = (0,0). The sphere possesses a unique structure of Riemann
surface up to isomorphism: that of a complex projective line CP'. The
automorphism group of CP' is PSL(2, C), acting by

a b\_, az+b
c d)" " cz+d
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(g, n) = (0,3). Consider now CP' with three marked points, o, P2, P3.
There exists an automorphism of the sphere, such that the marked
points are mapped 10 0, 1, co. In other words, there is only one
Riemann surface of type (0, 3) up to isomorphism.
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A first example

(g,n) = (0,0). The sphere possesses a unique structure of Riemann
surface up to isomorphism: that of a complex projective line CP'. The
automorphism group of CP' is PSL(2, C), acting by

a b Z,C’Z+b
c d)” cz+d

(g, n) = (0,3). Consider now CP' with three marked points, o, P2, P3.
There exists an automorphism of the sphere, such that the marked
points are mapped 10 0, 1, co. In other words, there is only one
Riemann surface of type (0, 3) up to isomorphism.

(g.n) = (0,4). Consider now CP! with four marked points, p1, P2, P3, Pa.
There exists an automorphism of the sphere, such that the marked
points are mapped 10 0, 1, 0o, A for some A € CP' \ {0, 1, o0 }. In other
words, the set of Riemann surface of type (0, 4) up to isomorphism is

CP'\{0,1,00}.
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The moduli space of Riemann surfaces

For arbitrary (g, n), one can define the moduli space of Riemann
surfaces

Mgn = {(C, P, Pn) | C has genus g}/iso.

We already saw that

Moz ={*}, Moa =CP'\{0,1,00}.
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The moduli space of Riemann surfaces

For arbitrary (g, n), one can define the moduli space of Riemann
surfaces
Mgn = {(C, P, Pn) | C has genus g}/iso.

We already saw that
Moz ={*},  Mos=CP'\{0,1,00}.

In general, we have the following natural geometric structure on Mg p.

Theorem

If 2g — 2+ n> 0, then My, is @ smooth complex orbifold of complex
dimension 3g — 3 + n.
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After an intersection-theoretic motivation (and the presentation of
Witten’s conjecture/Kontsevich theorem), | will intfroduce a family of
combinatorial models of the moduli space of Riemann surfaces:

M) = Mg, LeR7.
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VoI(S'(R)) = 2nR.
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Afternoon’s talk

After an intersection-theoretic motivation (and the presentation of
Witten’s conjecture/Kontsevich theorem), | will intfroduce a family of
combinatorial models of the moduli space of Riemann surfaces:

M) = Mg, LeR7.

Every space M (L) is
endowed with a symplectic form
R wg, called the Kontsevich form,
and | will present a method to
compute the symplectic volume

All the element in the family are v (D) wde3n
homeomorphic gntt) = JMg%mb(z) (Bg—3+n)!
1 ~ 1
SR =S, by inductionon2g—-2+n,
but have different volumes based on a Mirzakhani-type
identity.

VoI(S'(R)) = 2nR.
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Thank you!



	Classification problems
	Moduli space of curves
	Afternoon's talk

