MoSCATR VII

Multicurve count, Masur-Veech volumes
and topological recursion

j/w J.E. Andersen, G. Borot, S. Charbonnier,
V. Delecroix, D. Lewanski, C. Wheeler

1905.10352 [math.GT], 2010.11806 [math.DG]

Alessandro Giacchetto
MPIM Bonn
June 3, 2021

MPI Mathematics


https://arxiv.org/abs/1905.10352
https://arxiv.org/abs/2010.11806

Motivation and outline
( 1o}

Setup

® ¥ abordered surface (smooth connected oriented stable surface)
of genus g with n labelled boundary components



Motivation and outline
( 1o}

Setup

® ¥ abordered surface (smooth connected oriented stable surface)
of genus g with n labelled boundary components

e Teichmuller space

Ty (Z) _ { hypesr?oelf me‘mc 0‘ on L } /ISOTODY

It has a natural symplectic form wwp



Motivation and outline
( 1o}

Setup

® ¥ abordered surface (smooth connected oriented stable surface)
of genus g with n labelled boundary components

e Teichmuller space

Ty (Z) _ { hypesr?oelf me‘mc 0‘ on L } /ISOTODY

It has a natural symplectic form wwp

* A (primitive) multicurve y = (v7", ..., YyV) is collection of simple
closed curves y; with multiplicity m; € Z, s.1.

® -+, is not null-homotopic and not
homotopic to a boundary component

® vy, is not homotopic to y; for i # j

® (@lm; =1




Motivation and outline
( 1o}

Setup

® ¥ abordered surface (smooth connected oriented stable surface)
of genus g with n labelled boundary components

e Teichmuller space

Ty (Z) _ { hypesr?oelf me‘mc 0‘ on L } /ISOTODY

It has a natural symplectic form wwp

* A (primitive) multicurve y = (v7", ..., YyV) is collection of simple
closed curves y; with multiplicity m; € Z, s.1.

® -+, is not null-homotopic and not
homotopic to a boundary component

® vy, is not homotopic to y; for i # j

® (@lm; =1

Length of multicurves: €, (v) = Y, mi L (v))
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Goal: count the number of multicurves

Consider the function Ny: T (L) x R, — Z..

Ny (o; 1) = #{ vy multicurve s.t. {;(y) < T}
(Mirzakhani)

First goal

Compute the number of multicurves: Ns(o; )

The function Ny is mapping class group |nvor|onT so it descends to a

function Ny, on the moduli space Mg,,(L) =Ts(L )/ Mody that we can
infegrate
w3973+n
T ) . _ WP
Ngn) (L 1) = JMW(D Ng.n(X; 1) duwe(X), duwp = Bg—31n)

Second goal

Compute the average number of multicurves: (Ng ) (L1
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Length statistics of multicurves

Mulfiplicative statistics of geometric/topological
primitive multicurves recursion (GR/TR)

(Andersen-Borot-Orantin)

Consider a function f: R, — C decaying fast enough at co. Define the
functions

ky
b= ¥ fttw) @) @=| 0 due

v prmtv i=1 Mg,n(L)

Theorem (Andersen-Borot—Orantin)

e Of is computed by GR
° <Qg,n) is computed by TR and by a sum over stable graphs
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GR for length statistics of multicurves

Ky
> TIftetvi))

v prmtv i=1

Geometric recursion:

n
ZBf (L1, Lm, Lo () QF _p(olz_p)
m=2 P
1
t5 Z C'(L Lo(v)) QF_plols—p)
P
for explicit kernels Bf and C:
, , , cosh(g]+cosh(L+e)
B (L', ¢) = Bym (L L', €) + F(£) Bum (L, L', €) = 7%Iog(m>
CH(Le,¢") = Cym(L €, 8") + F(E)F (L") Y
+ Bum (L, €, €)F(0) Cum(L 6, 0) = 2'%(%)
, e 2+e 2

+ Bum (L, €7, 0)f(e")
(Jagrgen’s talk)
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GR for length statistics of multicurves

kV
S T ftn)

v prmtv i=1

Geometric recursion:

(L, L, 8o (v)) Q% _p(0lz—p)

m=.

|\)\—‘r\3

»u

P

Z U(YI))Q;,p(Gb:,p)
P

for explicit kernels B and C':
%XBMM(X, )/,Z) _ H(z,x+y)42rH(z,x7y)
Bf (L, L', 0) = Bum (L L', €) + £(£)
CH(L e, e") = Cum(L €,2) + F(O)F(L') 23X Cum(x,,2) = Hy + 2,x)
4 By (L, €, €)F(2)
!

+ Bum(L, €', 0)f(e")

H(x,y) = (1 + e%Z)H + (1 + e%)ﬂ

(Paul’s talk)
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TR for average of length statistics of multicurves

afbyer  +  (@hD=[  af,duelx)

Mg,n(D)

wwp = Zl- O’e,'/\T,‘

-~

Topological recursion: for2g—2+n> 1

1
+ 5_",;@ cf(L"e'e/)<<Qg—1,n+2>(€,8’,L2 ..... L)

S

+ > bl <Q;,M,,|>w,Z,n)ze’aeaz’
h+h’=g
Iul’ ={2,...n}

and initial conditions (Qf ;)(L) = 1, (Qf ) (L) = VW'P(L) + § [ f(e)ed.
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Stable graphs sums

Of by definition  + <Qg,n>(Z)=J (Z)Q;,,,o/uwp()()
Mg,n

Sum over stable graphs: for2g—2+n>0

- 1
QD= ¥ i e TT VaRono ((tedacer (breny) TT fite)tedte
+ veVvp

I" stble grph
type (g.n)

eckp

VP (L1, 0)

L @ D) (0% 0
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Mirzakhani’s count vs. GR

Ky
H=Y Hi-tH) v 0Okle)= > T]fltn)
Y

v prmtv i=1

@ Additive (t(y) = >, mit(v:)) vs. multiplicative ([T, f(£(vi)))
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sJ N (o: e dt = Zef““ ZHe smite (v;)
R

Y =1
o0
=) HZes”" =) H
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© Laplace Tronsform t—s
® Choose f({) =

e“+1
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GR/TR and sum over stable graphs for counting multicurves

After Laplace transform t — s:
e the number of multicurves N (o; 1) is computed by GR,

® itfs average (Ng,,,)(f; 1) is computed by TR and by a sum over stable
grophs. (Mirzakhani)

TR for (Ng.n) (L; 1) can be expressed in the CEO form:

ﬂjﬂ
1 72 adz;az
_ 2 :8) = e
{x(z) =5 B(zy,2;5) <(z1 — )2 + 2 oin? n(z122)> 2

S

n 1 . = - no
<H 53% Z/C:) wgn(Gs) = SJRZL <JR+ <Ng,n>(L; t)e Sfdf) He Z'L'L,'dL,'.

i=1
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The average number of multicurves in low 2g —2 + n

(@n | (Nygn(@h
0,3) | 1

©4) | Ima (2+£)7{2
(0,5) 8m(2)+ im

2 2
12y T B+ )mPmeyy + 10+ 8 + L)n

1 1 2
(1,1 My + (15 + &) 72

] 1 12 2 1 3t 4
(1.2) | 1o2m2) + 96M 32, (% + )emay + (h + B+ d)

7 i
1132y 2 1, 12y 2
(1.3) | TiM3) + M2 + g6M 3y + (22 + 2308) ™ M2y + (g + 28)™ M 32,
13, 1312, 14 7112 614 e
+ (33 + 185 + gt moy + (5 + Bl + S + o)
1 29 12 139 4912 11914
21 a5 M(4) + (1380 + 2758) M) + (ohodo + s + 3I9e0) ™ M 2)

60 ., 512 , 11914 1 11512 419914 16 018
+ (2580 + 35 + 1heam + Takam) M) + (B + Woag + Toaie + Team + ToBNe0) ™

Here m, is the monomial symmetric polynomial associated to the
partition A, evaluated at 12, ..., [2.
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Combinatorial models

e Combinatorial Teichmduller space

omb 77y __ J embedded metric ribbon graphs G in £ :
r‘Tg (L) - { s.t. Gis arefract of £ and £ (9;Z) = L; } /lso’ropy

It has a natural symplectic form wg. The
quotient by the mapping class group
MER®(L) = T§o™°(L)/ Mody has finite vol- '
ume

o 1 &
V(L) = Jﬁg,n exp (5 ; L?w,-) \[
b c

(Mumford, Thurston, Harer, Penner, Kontsevich,...)

* We can measure length of simple closed curves (or multicurves)
w.rt G € T¢°MP (L) by homotopying curves fo the embedded metric
ribbon graphs ("geodesic length™)
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Combinatorial Wolpert and Mirzakhani identity

® For every choice of pants decomposition of =, there exist
length-twist coord’s that are Darboux (combinatorial Wolpert

formula):
3g—3+n

Wk = Z d(’,, VAN dT,‘
i=1
¢ There exists a combinatorial Mirzakhani-McShane identity

n

1= Byl ) + 5 X Gl bl b))

m=2 P

¢ |ntegrating (x) against duy, we get TR for Vg,n(f) (i.e. Witten
conjecture/Kontsevich theorem)
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Counting combinatorial multicurves

Consider the function Ngo™e: T2 ([) x R, — Z,
N$O™(G; 1) = #{ v multicurve s.t. {g(y) <t}

which descends to a function on the combinatorial moduli space

O E =] NG d(©)

MGA™ (D)

Theorem

After Laplace transform t — s:
e the number of multicurves N$°™°(G; 1) is computed by GR,

e its average <Ng?nmb)(f; 1) is computed by TR and by a sum over
stable graphs.
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The CEO formulation

TR for (N;?nmb)(f; 1) can be computed from the spectral curve

p! 5
2 1 7T dZ]dZZ
x(z2) =% B(z1,2:5) = ( 5+ >
Z1 — Z 2 02 T21=2) 2

y(z) = —z (@ 2) §¢sin 5

(9.n) | (NgI®)(L:1)

0,3) | 1

0,4) | 3mq) + 5=

(0.5) %m<2)+%m(12)+#mm+%

2 2
(LD | gmay + 55

] 1 272 tAnd
(1.2) | 1e2M2) + 96M 32y + =g M) + 551

] 12 2 1914 4 16 6 2018 8
21 ‘ 242368 M(4) + 27688 M(3) + 3317760 M(2) + 138280 M (1) + 103279200
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Masur-Veech volumes...

Consider the moduli space Qg , parametrising elements (C, q), where
e Cis a Riemann surface of genus g,

® gis a meromorphic quadratic differential with n simple poles and
4g — 4+ n) simple zeros.

Theorem (Masur, Veech)

There is a well-defined measure on 9, ,, and a notion volume (called
Masur-Veech volume):
Vg,\{ < +o0.
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...and asymptotic number of multicurves

Theorem (Mirzakhani)

The asymtotic number of multicurves coincides with the Masur-Veech
volume: .

my _ 24972n(4g — 4+ n)! i (Ng.n) (L; 1)

9n = T (6g—7+2n)1  rhe  fog6in
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Theorem (Mirzakhani)

The asymtotic number of multicurves coincides with the Masur-Veech
volume:
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O®00

...and asymptotic number of multicurves

Theorem (Mirzakhani)

The asymtotic number of multicurves coincides with the Masur-Veech
volume: .

my _ 24972n(4g — 4+ n)! i (Ngn) (L; 1)

9n = T (bg—7+2n)1  foee  fég6in

Lemma

The asymtotic number of hyperbolic and combinatorial mulficurves
coincides: - B

lim = lim
t—o0 fog—6+n t—o0 f69—-6+n

Corollary

Masur-Veech volumes are computed by (two different) TRs and by a

sum over stable graphs. . ‘ ‘ , ,
(Mirzakhani, Delecroix-Goujard-Zograf-Zorich)
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A different approach to MV: intersection theory

Compactify Qg,, and express the MV measure as a top form.

Theorem (Chen-Moller~-Sauvaget)

229+1 7.[<Sg—é>+2n .
(6g—7 +2n)! Jﬁgn $(2g.n)

— 92g+1+n,76g—6+2n (4g—4+n)! Z 5g — 5 k\ (Ag—«T, el 3+k>
(6g—7+2n)! L (3g— 3+l<)!'

VM\/ _ (_'l )3g73+n
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A different approach to MV: intersection theory

Proposition (Lewanski-Popolitov-Shadrin-Zvonkine, Borot—-G-Lewanski)

The spectral curve

X(z) =log(2) -2z,  y(2)=Z,

computes the intersection numbers fﬂgn s(ﬁg,n)q}‘]’] o,
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A different approach to MV: intersection theory

Proposition (Lewanski-Popolitov-Shadrin-Zvonkine, Borot—-G-Lewanski)

The spectral curve

X(z) =log(2) -2z,  y(2)=Z,

computes the intersection numbers Iﬂgn s(ﬁgvn)lp‘]’l S,

Theorem (Kazarian, Yang-Zagier—Zhang)

There exists a more efficient recursion for Masur-Veech volumes.
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¢ |s there a relation between the integral structure of Mg?nmb(f) and
that of Q4,7 Is there a relation between lower strata of Mg?nmb(f)
(and Kontsevich cycles) and lower strata of quadratic

differentials?
(Bertola-Korotkin)?



Open questions:
® Give a direct geometric proof of

w _ 29 20(4g -4+ n)l L (NGI) (L 1)
9N T (bg—T7+2n)! oo f69-64N

¢ |s there a relation between the integral structure of Mg?nmb(f) and
that of Q4,7 Is there a relation between lower strata of Mg?nmb(f)
(and Kontsevich cycles) and lower strata of quadratic

differentials?
(Bertola-Korotkin)?

e Generadlisation to the moduli space of super curves
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