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81) Motivation

uth,ts,t,...) is a solution of RdV hierarchy &

n(t,t0,0,...) =1(h,t.) initial cord,

Ut=uUt0 +Utstot.
Ute

=

.- I evolution equa
:

Im (Witten-Rontrench)

IWRCh,E) = 2 APIon-4e st(PM,,7)t3 =1
↳

Then n =hFNR. 1s a solution of ROV with n(h,to,0...) =to

E.g. Ozy4 =95312 1:600)



FBGN(h,t) =glog(1 - t.) +0(h) (Brezin-Groos-Witten)

u =Bah is add ofRdV with n(h,t,...) =s.t
↑

↳

Thm (Cong by Norbury 17, CGG) 88. =(n+1!
FBGN(h,E)

=p d8OguT inaretheor
Eg. TgOgin4." =4(001 sec I

· as building block in MM

a volumes of module space
of super R5

82. CohFTs& Egin o Super ITgravity
o phase transition to monitore

itgin =((c,p,... , pu) ) pgencogomototablecat=
Hornitz #5

& dimp =39-3+h

· Attaching maps. I+1O
q:M.g.,ne -> Mgin

rig,n,t, X Mgz,nz+1 -ign ⑫"*-BfHxy&

↓ 12+1
1

-

I I2
· Forgetful maps:

g,+g2
=9,1,r7z =1,...,M

Pm:Mg,n+m -> Els,n (I11=n,121 =12

· Li-Misin, Lilk,p,.,pu) =TptC
↑i =c,(hi) H(Mgn), km =p+

4*cHEV)Mg,n)



Resnik : 1g,n EH4M-9MI is compatible with attaching / forgetful maps:

q
#
1g ,n = 1gal ,n+2

i

D-efnlkontseueh-Manin) . A cohomological field theory is a triple

( V
, 1,1) Ign : V⊕

"
→ H%Ñ,n ) linear

,
st

.

◦
Su- equiv.

vector space /Q • 9*19,n(4④ " ④4) = D-g.int≥ (4×0-0×404)
dims as

• ✓
*

gin ( - ) =

y :
V×V→ ④

= g.int/OD-gz,hzt2) (VI,④ ④ VIZ)
non - deg. pairing
E V02

dual biveotor

E. • ✓= ④ v 4 /v.v)
= I

triv
D- gin / ✓

⊕") = 1g,n

Awg; (v0
" ) = exp / 211-24)

ftp.nself-Y-CCE-g.nl

[ €9m / c.p, , .. . ,pn
= HT4W)

, rk=g
• GW classes

: how to compute A- ?



IV.y , f) ⇒ product on V YIV, • V2 , 4) = A-0,3140×40×4)

Thin (Telemann . Giventat) . If µ;) is semisimple , then

explicit expressionA- = } Involving 4
,
K
, boudary divisors

""'sell I = expfm.IM?mm-;;/km-É, + %)E.g. d-
gin

⇒ terms in dega>g vanish in cohom

(Notation : if V=⑦v
,
D-
g.n( van ) = : Ign e.g. ki

-É% +9=0
in H2 /Ñqn)

: other examples ?

Fix gin with 29-2+450 ,

a = (a , , . . . , au) c- 30,1 }
"

- spin
Mg;a = moduli space of twisted spin curves

canonical

~I { ¢ .pt/....pn.L)/L&2--w(Eilai+Dpi) } /~
- -

272 7 - Zdegl = 2g-2+4+191 30

• Forgetful map : Ñg%if→ Ñgµ

• Universal root + universal curve : 2g;a→ %;-) Ñg¥a
"

= HY44-4HIConsider ☒
g;a

= - R%*Lg;a ↳ fibers $9M / Gp. . . . . .ph
RR

⇒ Ng;a is a VB over Ñg;a of rk=dimH'(4) = - dog/↳ +g- I
f-
2g -2 + n+



De±/Prop (Norbury) . F- Qv
, 4144=1

O-g.in = 1-1)
" 2£ "

"

f* c⇐p(Ng; ,n) e ff
"↳ -""

feign)
[
a = / I , . . . . 1)

Then fly ,
⊖ ) is a CohFT

.

ITunes

R-mk.Q.net
"""
/MI) ⇒ ⊖n = 0

dime -_ n -3 ⇒ V
,
• V

,
= 0

in-2 =) (V
,

• ) is not semisimple
=

Dm¢GG) . Deform the class: tee ¢

②In := HY29
-""

÷
.
÷

.

pm,*f* ct.ph/g;1?o:)
[
pm : Ñg.vn → M-s.in

Then ⑦
E.
is well-depend , [V.4,0-9 is a semisimple COHFT V40 and

-0g? = ⊖g,n + E. H
"'9-"" ( dig,)[a]
-

deformation

⇒ Can apply Giventat -Telemann

corollary .

-0g?n = f- E2)"
-""

exp
◦

sm C- E)
"

km)
T

Sme④
, £05m ×

"

= - log {≤G)&2kHxk)



Corollary .

1) ⊖g,n is tautological
2) -0g,n = [dega = 2g-Itn) exp / E Sm km) conj by

the> 0

3) [ deg=D] . e✗p(§
.

Smkn) = o f d > 2g-2in} Katari"Norbury

-

tautological relations

{3) Integrating

Thin (Dunn-Bartowski-Orantin-Shaolin -Spitz) . If ¢4 ,A) is a semisimple
COHFT

,
then

↑ A-qnlva ,⊕ . . . ④ van) IT 4.
ki

i= I

Ñqn
are computed recursively by TR.

Im /CGG) .The intersection numbers pm-g.nO-gfn.IT, 4." are computed by
TR on

④'

,
✗ 12-1=2-2-2 _ c-2- , 912-1=12 , W92 = (1%-12%2)

Consider the Virasoro reprs m≥ - l

Lm = £-8m, + 8m
,.EE + I (21-1)!! tj I

kj?° 12J - 1) !!
@tk

b-j=m

< Kitt!! 12JHI!!I+ ¥ ¥>◦ dtiotj
i+j=m- I



Then 2-9£
,
E) = exp /EI fg.ua?niT4?it!i )i = I

⑦
E

④mm!! £1m - Elm- i
- Lm) 2- =o tm ≥ ◦

Corollary .
2-
⊖
is the unique solution to

¢2m+ it!! I - Lm) 2-⊖ =o tm≥ o
. ⑦

@tm

TIM ( Mironov-Morozov -Semenoff , Alexandrov) 2-
BGW

= exp /
FB4W )

r

defined from the BGW matrix integral :

• is a KDV I- fnot

• is the unique solution to ④

Corollary . 2-⊖ = ZB4W
,
i.e

.

2-
⊖
defines a solution of the

KDV hierarchy with initial condition 8¥42 .

§ 4) Higher spin

Inn (CGG) . Starting from the moduli space of higher twisted spin
curves :

• define O-g.tn : ✓⊕
"
→ H•(Ñqn) an f- 1) -dim COHFT of pure deg

(Not semisimple !!)



• define a deformation ⊖
"

gin , semisimple tE≠o , and express
it via Giventat -Telemann obtaining tact. nets

• prove TR ⇔ W- algebra constants for 2-

Missing : the RBGW model is a solution of the safe
1 !)

W - algebra constraints .



F4K ;H= { ± µ
,

In IT4.

"
tri

f. £1K
,
to) = h-F.IE/h-;t..ti-9tz=o,... )

I
⊖:

\
dim-

- 3g-3M dim? 2g - Ith

h- 3 n,
f-
{¥" !

g--0

g-
- l n n ← ftp.Q?--E !
¥2 ¥3 nH

L5D - III. ¥-2
"
t!

= + { log / I - t.)

E) hi II. 4¥ ti = II. ¥ = - f- Iga - ta)

⇒ u is a solution of kdv w/ ie. ftp.t =# -£,i


