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↑m (Witten, Dontoevich,Polishchuk-Vaintrob, Chiodo, Faber-Shadrin -Eronkine,
Givental, Adler-Van Moerbeke)

①ICLAS5]. Let v22, a, ..., an ->80,...,5.28. Then =

WYn(a,,...,an) -H.) gin)
a cohomology class (Wittenr-spin class) satisfying certain axians.

② IW-CNSTRA4]. The descendant potential

52n =exp(c t L p
- Nigr(a, ..., and1.4tma]g,n

n!
r,...,Bn?0 Ugin0N9,...,an0F1

is the unique solution to certain W-constraints
i Wr

Wkz =0 i =,...,v,kz - 1



③ [r-kdv] 2- is the unique KK4V t- fnct satisfying a
certain string eqn .

④ [MATRIX MODEL] . kontsevich 's v. Airy matrix integral
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GOAL : give a negative spin analogue of the above result.

For F- 2
,
the class was constructed by P. Norbury ,

who conj
Virasoro

,
KDV and connection to the Bredin - Gross- Witten model

.

Th_m(Chidambaram - Garcia-Faitde- A.G.)

① [ CLASS] . Let r ? 2 ,
a , , . . . , an

E { I
,
. . . ,r- I } .

Then I

-0g:( ai , . . _ , au) e H•(Ñg .nl

② [W - CNSTRNTS] .

The descendant potential 2-
£
is the unique

solution to certain N - constraints

µ
i ⊖'

k
2- = 0 I = 1

,
. . . ,r, K ≥ 2- i



Cenj ( CGG , proved for F- 2,3)

③ [r-kdv] 2-
⊕

is the unique r-kdV t- fnct satisfying a
certain string eqn .

④ [MATRIX MODEL] BGN v.Bessel matrix integral
1- t
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§2.) MODULI SPACE OF CURVES & COHFTS

C cmlx
,
connect

,
cmct curve

M-g.in = { (Gpi , . . . ,pn) / genus g.
with at worst nodal sing.

^ Pic . .

/ pn
smooth dirt puts

1 Act Is as[ dime __ 3g-3in
htl

◦ ATTACHING MAPS :

9: Ñg. ;nt2 → Ñg,u 2} ↳+2 /

hzt I

r : Ñg , Mitt
✗ Ñgsinztl → Ñg ,n

g.+92=9 ,
hi+↳ =h 11 I / It

• FORGETFUL MAPS;
I

' I2

p : M-g.nu → Ñgm
, pm : Ñg,n+m → Ñqn

• NATURAL CLASSES. : hi → Ñgn
,
hi /¢,p. . . . . .pt = TIC

4. = c. this c- H7Ñqn)
,

ka =p ,×(4n+ ,)
"'

et"(Ñgn)



Erik .

The Poincare dual of the fundamental class 1g,n= [Ñgµ]eH%Ñg.nl
IS COMPATIBLE with attaching maps :

9*1 gin = 1g- i ,n+2 5*19,n= 1g ,
hit '④ 192,4+1

D-e-fnlkontseue.tn-Manin) . A cohomological field theory is a triple

• V is a finite dim ④ - vs .

(V
, y ,
D) • Y : ✓ ✗ ✓ → ④ is a non- deg , symmetric, bilinear form{

. D-
g.n

: V⊕" → H9U-9MI linear

satisfying axioms :
Ya,b=Y(Vqvb)

1) Sn- EQUIVARIANCE
= dual toy

2) GLUING AXIOM : ↓ = [ 4%4×04

-9
*

A-g.in/ViOX--OXVn)--f-g-i,n-2(V.⊕ . . -☒Vn⊕)

{
✓* Igm /V1 - -④Vn) = ( D- g, .net ④ D-gz.net,)("I , ↳ ☒ ✓

I2)

EX-omp.IE : • ✓ = ④6h
, y/v. v1

= 1

Hodge bundle
• [TRIVIAL] Ig,n(v⊕" ) = 1-gin µ
• [HODGE] Is,n(v☒" ) = c(Elgin), Eg,n→Ñg, ← 8k¢ = of

with IE9M /Gp. . . . ,pn
=

"

holomorphic differentials
total Chem I

°" C
"

class
= H4C

,
wa)

• ✓ = ④SV0
, . .

. ,Vr-2) , ④a ,Vb) = Satb
,
r-2
, Ig,n(Va, ' '☒Van) = Ng:(oh, . . - , au ) .



QUESTION : How to compute I ?

{V.yA) → ( V
, y ,

• ) a Frobenius algebra :

414 • V2
, V3) = 0-0,314☒v2 V3) E ④≈H°(Ñ◦

,
})

TIM (Telemann) . If IV. y , •) is a SEMISIMPLE algebra , then

determined by
A- = { explicit

combination of
6- ① the product •

4-
,
K-

,
and boundary classes ② rotation RetndNEED

③ translation TE VEZD

tx-mple.CIEg.nl is semisimple and

c. (Elgin) = exp /EBm+- ( km - É 47 + 8m)) c- It"%Ñ .nl
m> I m(mtl ) i= ,

[
(Mumford)

=) TAUTOLOGICAL RELATIONS ! e.g. K, - É
,

4; +8,
= 0 in tf(Ñqn)

§ 3) ⑤ - classes

For v72
,
a ,

,
. . . ,
an E { . .

.

,
f- I }

ÑÉa = { ¢ , p , , . . . ,pn , L) /
⇐ P' ' _ ' Pn ) stable, genus g , npntd curve}y⇐ ≤ wc.iq/-Eiaipi)

↑
[→ C line bundle wc.iq = wc(Eipi)



• DEGREE CONDITION :

r . deg/L) = - deglwc.bg) - Eiai = - (g- 2+h + 191) E r≥ so
① degl so• FORGETFUL MAP :
② r / 2g -Zthtlal

f : Ñg;a → Ñgn is an v28 :L branched cover

D-efn . Define 4g;a → Ñgia ,

☒Éa /¢,p . . . . . ,pn.LI = H' (GL)

NZ : deg. condition ⇒ ① ☒gia is well-defined

② rk¢ = HIGHER - degli + g- I
↓ (r+2Kg+h =D;;a

Refn . Define the r- spin ⊖ - class

O-gr.nlau.ir/an)--tiinr#F'f*ctopCYgia)etI*Id-lg.n)

←
N3 : a≠o

TIM .
✓ = ④TV

, ,
.
. .

,
Vm )

, Y(Va,Vb) = Gather ,

A-
gµ

: ✓
⊕"

→ H•(Ñgµ)
,

Ign (Va,⊕ . -☒want = -0g:(ay . . , an)

Is a COHFT. N3: t=2 gives Norbury 's class : €-211, . . . . 1) =.net/2kg-2thYM-g.n)



QUESTION : Can we compute ⑤ via Telemann 's thm?

I.e.
,
is ⑦ semisimple

?

Recall : The product is defined as ylva.rs , 4) = Do,} (4×0%0×4)

However
, €3 (a.b.c) = 0 for some a.b.c

.

E.g. with r=2 , -0%3191,11=0 since c- HINT,} ) = 0

Rink .

A COHFT A- on lt-Q.ru
,
. . . ,Vr> defines a Dubrovin -Frobenius

structure with potential
ki

Flti
,
. . . /4) = E -

D-
g.
(v76 . . . vk) IT ±

kit - +k=n Fkn i= , Ki !

The DF mnfld associated to ⑤ is NOWHERE semisimple .

e.g.
F(ti) = 0

.

PROBLEM: Cannot apply Telemann 's thin to ⑤

↓

GOAL : Deform ⑤ to something semisimple



D-efn.lt E E ① a formal parameter , define for ai c- { I , . . . ,r- I}

④
E

E
"

g
,n+m(a , ,

. . . ,an
,
Q . . :O)

gin
(au . . .

/
an) = §

,
m-1.fm,

*
-

m-times

pm : Ñg,n+m→Ñg,n
TIM

① [CO1-1FT] . ⊖
"

is well-defined ( i.e. the sun is finite) , and

Va
,
⊕ . .

-⑦ Van (ai , _ . , an)

is a COHFT
.

② [DEFORMATION] .

⑦
TE

g.n
(ai , . . - , an) = ⊖} .in/9i,...,an)tOCE)eHr2DIa(M-g.n)

③ [SEMISIMPLICITY] .
HE =/ 0

,
is semisimple

Rink .
The Dtmnfld structure gets deformed to a semisimple one .

E-& F⊖"It ,) = £ log( I - ti) =/ 0 for 40.

SOLUTION : Apply Telemann 's thin to ⊖
"

for EX0 and take E-so



Thin .

From Telemann 's thin :

⊖;÷(a ,
,
. . .

.
an) = { explicit

combination of
= pyg

4-
,
K-

,
and boundary classes

↑
involves coeffnts given by asymt. expns
of higher Airy fnctns & Scorer facts

Moreover :

① [dega = Djia] RH5 = In Lai
,
. . . .
au)

② [dega = d) RH5 = 0 to > Dj;a
[ TAUTOLOGICAL REL .

F-2

tramples . For F- 2 :
✓= ④6th)

, Dg;I, . . . ,1 = 2g - 2+h and

conjectures① [dega = 2g-2in] exp /⇐◦

Smkm) = ⊖gn
Kazarian &

② [ dega =D] exp ( I smkm) = ◦ V-dszg-s.tn
} Norbury

MS0

↓

where e✗p€[ smxm) = ⇐ 1-IF 12kt)!! xk



§ 4) SUMMARY

We defined

④ = top Chem of some vector bundle

① Forms a COHFT (compatible with attaching maps)

② Net semisimple ( cannot apply Telemann's thin)

We defined a deformation

⑦
" £

= + corrections in E of lower cohomologic.at degree

① Forms a COHFT

② Semisimple HE =/ 0 /can apply Telemann)

=) Expression for & tautological relations



§ 5) QUESTIONS

① Is In trivial in g=o for r≥} ?

For some values of the primary fields aie } ! . . . ,t- I }, yes.

E.g. for (g) = 1931 ,
we have

if a+b+c= f-I
⊖;] ( a. b. c) = {

- ±

0 else

The vanishing is resolved in the deformed class:

- 1 atbtc = t- I

①
YE

µ)
q}
(a
/↳c) = { - E qtbtc = 28-2

- E2 a=b=c = 8- I

② What's the product for ↳ 3 ?

From 1*1 and the fact that Mva,Vb) = 8a+b,r we deduce

that the product associated to -0" is

- Vatbti atbtc = f- I

✓
a
• Vb = { - Eva+6+2-r qtbtc = 28-2

- E24 a=b=c = 8- I

Notice that
, for E=o

,

we have that 4. , is nilpotent. This,
the algebra at E=o is Not semisimple .

③ What we deduce from Telemann at E=o ?

The general shape of the formula given by Telemann's thin is:



%'n%ai , . . . / an> = ÷ . ( class of de.ge> D5;a )
r
,
E

+ ⑦
9in

+ E. ( class of degas Drg;a )

Apparently , the orange term would blow up for E→ o .

However
, by construction ②

"E

g.n
Lai

,
. . . ,Gn) has degree

6 DÉa .
This

,
the class multiplying £ is ZERO due

to some tautological relations in tt•(Ñg.us .


