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GW/H CORRESPONDENCE-

jww)R. Kramer, D. Lewanski

8I) INIRO
A. Sauvaget

Fix x smooth proj variety, Be HelX,)

:count algebraic curver of X in degree. [Riemann,Schubert, Hurwitz, ...)
Gramov, Witten, ...

Setup:curver in X are parametried or fic+ X

MgIX,) =
=(1:2+X)

a modal curve, genus g,
h smooth mirk puts ↳**C] =B, 1Aut(1)) finite In

· is proper
DM stack

· carrier a virtual fund. Class Behrend-Fantechi]
Def(t)
-

[ugn(X,l]" = Avdim) -,Q) w/ vaim=39-3 +n +hi(f)
·

I -
Px,(x) +(dimX -3)(1 -g)+2

Eg.) =0, Mg,n(X,c) =MginX
-

dim=(3g-3+h) +dimX o vdim if dimx>0

GW invariants:

↳dy...and:= ↑Ignixsun! Leu si) 4,"e
I
"="curves of genus of

in X

meeting PD(5i) atith muted putw/ tangencycondition



where Ui =HX,K), 4i =

=c (Hi), Kit Mgn(X,)

Kil: c+x) =Tp

&:how to compute GW invariants of X?

4 A) Toric me localization:(k*(*mX =(k*)* ign(i)
[Graber -Pandharipande)

B) Semisimple care we reconstruction the

[Givental,Teleman]

->o) dimx =0 is [Witten, Fontsevich] S Virajoro instrute

1) dimx=1 us [Otounkov -Pandharipande]

2) dimx=2? Eday's
I follows from:

· localisation
on P'

~GW/A corresp
· ELSV formula

&2) GW of surfaces · deg formula

Setup. X smooth proj ourface w/ D = 1 kx1 smooth connected

is kD (Rx+D)ID =
2NxD => (D,Nx) is a

⑪
Eg:Aabelian surface, X =BIpA

-pin curve

Beth. A spin structure on a curve C is a live bundle of it.

&&2 =We. Then (C,8) is called a spin curve.

Im [Lee-Parker, Fiem-Li]. In the above setup, GW invariants of X vanish

unless =dID]. Moreover, I Mqn(D,d) Y gn (X, dID3) and
X

[Mg,n(D,d)(108 Aldim (Mg,(D,dl) I t ⑳-> -↳g- 1 +n +d(1 - g(b))



it is[gn(D,d)]8= [ugn(X, dtDl)]YY

D,t,d
->TEd, IV).dnIul**[gn(D,d)]lo,er,*(rtBLY=:Ed, (d) ---dnldal)2 gin

di Spin GW invariants

UPSHOT. 1) We onlyneed to consider B =d[D]-

2) Reduce GW theoryof X surf to a local theoryof (D,0) opin curves
~"dimension reduct"my applyOP technique

suggested byMarlik-Panoharipant
Rmk. Def invariance -> Opin GW invrate onlydep.an g(D) &

p(E) = =hot) (mode) /parity,narraf)
3) SPIN GW ofP

On P, I! spin structure O(-1) !a) , '
↓

The [Kier-Li] Mg,n(P,d)
&

[M,n (Pid)]!,0(1) =[Mgn(Pid)]"-cg-Id(R'*8(1)
↓

Ag-itnt*(Mgn (4,d)) -Euler class

Upot: total control on localized funddais + localization.
↓

Thm [GKL5]. The opin GW invrnte of equivariant(P;0(-1)

/,Ipiasom(s)(ini S
are expressed in terms of double Hodge integrals

Page Eath) as at -the chern poly of E- Main
Hodge budle.



&.How to compute DHIs?

⑧4) SPIN Hs

~pin H#s: sighed enumeration of branched covers [Erkin-OkounKor-Pandharipand]

↓ of curves Gunningham, ...

parityof spin structure

Deph. Fix (B,A) a spin curve, X., ..., xmB, M1, ..., p* td
all parts

If 1:C+Bis a dil cover branched at vi are odd integers
w/ ran, profile pl
(3,1) P2,2

EVEN

- Rel1):=Ee*) Pin
j

0i is -1:=f*00(Ran(t)
↳ is a instructure on C

Deft

17:c-b) itheHurg (B,0;m. . . .,M):=2

simplestcare:(B,O=(p!O(1, p =M, Mi ..mm=(3,1,-1)

Im [GRL, Alexandror-Shadrin]
(3,1, ...,1) + 10.c. explicit

-- ⑰x(-1)
Hurg (p',071;m, (3,...,11])=# Pgem Ti, 11-miti

↳2b =eg-2 +e(r)
+d



ELEV-type localis
UPT:Spin HIs it *HI ->spin GW of

E
5

formula >(4! 0(-)

integrable hiererky Opin GW/H
of BKPtype correspondence

=Fock space formalism (for equivariant (P;0(1))

Im.[GkL5] Generating review of Epin GW invariants ofequin. (1,0(-1)

is expressed as a vacuum expectation value on Fock space.

genre var
S

-lat,.,,,.;4,q) =Y)eitBie)*e-eis()↳

insert, ↓ ↑

invert.) as deg var. Bi,d,, .. ((0)

Thus, it is a t-fuct ofthe 2-BEP hierarchy.
typeB 2)I see Paolo's talk

=>ALGORITHM to compute spin GN invariants of (P1, 0(-1))

Cotolary.

(a)[pts).. tan/tpt)(**, a=1_ cis-2-a: I conj byMarlik-Pandha.1 x - "
- ",d=2

-!sdi proved byKiem-Li

& Kool-Thomas

↓- )
-d=3

=much more complicated

Collary.Recursive formula for 1-put inventot (n=1). E.g.

It -81,OH, 4 -2363480(=0.04)10 6,1



For futurework:A) Full Epin GW/A corresp:follows from can;degeneration
↳ general spin target (D,0) formula

B) Viraroro con;for GW of surfaces (w/smooth canonical)


