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e \olumes of moduli spaces of metric ribbon graphs
¢ Building block for all tautological intersection numbers:

® Weil-Petersson volumes

® Masur-Veech volumes

® Hurwitz numbers

® Gromov-Witten invariants for targets with s.s. quantum cohomology

e Compute the perturbative expansion of topological 2d gravity
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(combinatorial analysis of the determinantal formula)



Motivation
[e]e]ele] J

Large genus asymptotics

Uniformly in o, ..., d, as g — oo:
_ 2" T(29-2+n) .
<<Td]"'Tdn>>_E(%)29772+n(]+o(g ))

e Conjectured by Delecroix-Goujard-Zograf-Zorich, 2019
* Proved by Aggarwal, 2020

(combinatorial analysis of Witten-Kontsevich topological recursion)

e Re-proved by Guo-Yang, 2021

(combinatorial analysis of the determinantal formula)

¢ Universal strategy, adaptable to different problems?
e ‘Geometric’ meaning of the formula?
e Subleading corrections?
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Borel’s idea:

® Divergent power series:
®(M)= Y amh™ am=0(A""m)

m>=0

® The Borel fransform

Pls)=)_

m>=0

(@]
msm
m!

is now convergent

o Apply Darboux’s idea
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The formal (WKB) solutions of the Airy ODE, (h{j—é — x) P(x,h) =0, are
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LT)Ai is a divergent series in h. Its Borel fransform has a single log
singularity at s = +5x%2:

ai(x;8) = —2]7[ log(s — 3x*?) + holom @s = +3x°/?

g Bairy fnct resurges

at the sing of Airy fnct

For the Airy function: (sing, Stokes cnstn, minor) = (+§x3/2, 1,$Bi)
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@ Take the generating series
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n fixed
h — genus {Tay -+ Tan))
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@® W, is a divergent series in h. Take its Borel transform and studly its
singularity structure
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Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Ta,))

@ Take the generating series
Wh(xi, ..., Xoih) =) RPN W (i, Xn)

g=0
n fixed
h — genus ! (g, - Tap)

— (72)7 (2g—2+n)

@® W, is a divergent series in h. Take its Borel transform and studly its
singularity structure

® Get the large genus asymptotics (with subleading contributions!)
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Determinantal formula: setup

Arrange the formal Airy functions as

Y(x,h) = @2‘ :b":) € SL(2,C).

It solves the system (h< — (97))¥ =0.
Define the matrix

M(x,h) = ¥(x, h) (é _Ol> Y=1(x, h)
2

_ [ 2(WAws + Yaby) ] Pabsi / € 51(2,C).
Vabg —5 (banbg + Ppbei)
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Determinantal formula: setup

Arrange the formal Airy functions as

_ [(ba U
Y(x, h) = (lb,&i lbéi) e SL(2,C).
It solves the system (h< — (97))¥ =0.

Define the matrix

M(x, h) = ¥(x, h) (é _Ol> v(x,h)
2
_ WA + banbg) ] Paibgi € sl(2,C).
lb,&ill)éi ) N)Aill’éi + w,&ill)Bi)

Crucial facts:
e M contains only quadratic products Ai-Bi
® The exponential terms cancel out = M is a formal series in h.
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Determinantal formula (Bergere-Eynard, Bertola-Dubrovin-Yang):

Wihix, ..., X ) = (1) Y Tf(()/(\f(:ﬁ,f(t)/\ﬂ(xgm,h)---M(xcn]m,h))
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Determinantal formula: result

AN
Cyclic permutations: " T(1) a(1)
Cnr={0€ S,|no fxd prpr sbsts } ( 02}1)
4

Determinantal formula (Bergere-Eynard, Bertola-Dubrovin-Yang):

R = ()" Y Tr((x(_XVT)M(X“”'h)"'M(Xc"wh))

el Xo(1)) (X2 — X5(2)) -+ (Xn — Xo(m))

Example: n=2

~ Tr(M0x, )M, )

We = (X1 —X) (X — Xx1)
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[e] lele)

Determinantal formula: result

AN
Cyclic permutations: " T(1) a(1)
Cnr={0€ S,|no fxd prpr sbsts } ( 02}1)
4

Determinantal formula (Bergere-Eynard, Bertola-Dubrovin-Yang):

R)M(Xo(1), 1) - M(Xgn—1 (3, B1))
M) —Xa2)) -+ - (Xn — Xo(n))

Wh(x1, ... X ) = (=1)" Z

oceCn

Example: n=2
Tr(M(x1, R )M(x, h))
(1 —x) (% —x1)

_ &Ai,]&Bi,]g,&i,z{[)é 2 211)A\ 111)B| 11PA| 2II)B|2 + 2¢AI 111)3. ﬂl’Bl 21I)A| 2

(X1 —X2)?

W, = —

+ (X < X2)
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Determinantal formula

[e]e] o)

Slngulon’ry structure of Wn

Singularity strct . Singulori/’r\y strct
of Pai, Pgi of W,

® 2nlog singularities of Wn, located at

+4x% and  — 14X, i=1....n

e Stokes constants: S =1
® Minors:
@ at +4x*?: replace each Ha(x;; s) with (g (x;; )

O ot — 4 3/2 . replace each IJ)B\(X/ s) with $Ai(x;;s}



Summary

Uniformly in o, ..., d, as g — oo:

Determinantal formula
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where:
e S=1
Stokes constants of the Airy ODE
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where:
e S=1
Stokes constants of the Airy ODE
e A=2/3

leading exp behaviour of Ai
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[e]e]e] )

Summary
Uniformly in o, ..., d, as g — oo:
2" T(2g—-2+n) A
(vay - wan) =S 77 —zgzin ! 2g—3+nd T
A —k—1
* 2g—3+nE™ OO ))
where:
e S=1
Stokes constants of the Airy ODE
e A=2/3

leading exp behaviour of Ai
* oy polynomials in n and multiplicities of d; (conj by Guo-Yang)

are computable from the asymptotic expansion coeffs of Ai
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antal formula More enumerative problems

®0

Bessel

Norbury’s intersection numbers (super WP volumes, BGW tau function):

n
(o 70)° = | @ga] [wf'(2ch+ 1)1
Mg,n i=1
B g r2g—2+n) A
7347( A5 Zin 2g73+n0ﬂ+-..
AX —k—1
e )
where:
e 5=2
Stokes constants of the Bessel ODE
e A=2

leading exp behaviour of Kg
® oy polynomials in n and multiplicities of d;

are computable from the asymptotic expansion coeffs of Kq
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r-Airy

Witten’s r-spin intersection numbers:

(Tay.a - "TOn,dn»r_spin = J* Cw(an,...,0n) Hl]);j’(fdi +a)l
Mg, =1
_2"T(2g—-2+n) S (1) |A ] (r1)
- % rg—1-I1d| |Am‘2972+n ) + 29_3+n) x +o
Sr r—1 r—1 |A r—1 ‘ r—1
_onlm el Tl il
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antal formula More enumerative problems

oe

r-Airy

Witten’s r-spin intersection numbers:

(Tay .o ...Tanydn))"Sp‘” = Jﬁ cwlay, ..., an) Hlb;ji(fd/ +a)ln
Mg.n :

2'T2g—2+n)| S, ey, Aal e
= on o1 A, [Po—2+n \ %0 2g-3+nm ™
Sr r—1 —1 |A r—1 ‘K —1
L= (rnl51 rl] (=D
+|A L"Jl292+n( R v e R +)
ya

geven S,% (%) ‘Ar,§| (rg)
T W(“ﬂ “ag s e)

(r.ec)

where S «, A« """ are obtained the r-Airy ODE.



Thank you for the attention!
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