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VP-class intersection numibers

(T *+ Tan) :‘[7 ‘]3’1 gn d >0, -+ +dy =3g-3+n
Mg.n

e \olumes of moduli spaces of metric ribbon graphs
¢ Building block for all tautological intersection numbers:

® Weil-Petersson volumes

® Masur-Veech volumes

® Hurwitz numbers

® Gromov-Witten invariants for targets with s.s. quantum cohomology

e Compute the perturbative expansion of topological 2d gravity
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* Proved by Aggarwal, 2020

(combinatorial analysis of Witten-Kontsevich topological recursion)

® Proved by Guo-Yang, 2021

(combinatorial analysis of the determinantal formula)
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Uniformly in o, ..., d, as g — oo:
_ 2" T(29-2+n) .
<<Td]"'Tdn>>_E(%)29772+n(]+o(g ))

e Conjectured by Delecroix-Goujard-Zograf-Zorich, 2019
* Proved by Aggarwal, 2020

(combinatorial analysis of Witten-Kontsevich topological recursion)

® Proved by Guo-Yang, 2021

(combinatorial analysis of the determinantal formula)

¢ Universal strategy, adaptable to different problems?
e ‘Geometric’ meaning of the formula?
e Subleading corrections?



Results < ninantal formula

[ 1o}

Large genus asymptotics: new perspective

Answers

e Universal strategy: resurgent analysis of the determinantal formula
°* Geometric meaning: Airy functions

— 2
)/2 =0 quantisation (hz% _ X) WX, h) =0

® Subleading corrections: algorithm + properties



Results < ninantal formula

[ 1o}

Large genus asymptotics: new perspective

Answers

e Universal strategy: resurgent analysis of the determinantal formula
°* Geometric meaning: Airy functions

— 2
y2 =0 quantisation (hz% _ X) WX, h) =0

e Subleading corrections: algorithm + properties

Uniformly in o, ..., d,asg— oo (here (X)y=x(x—1)---(x—k+1)):
2" T(2g—2+n) A
(tay - manl) =5 77 Aoz (1 2g—3+n*
Ak
0) —k—1
+(2g—3+n)kak+ (9 ))




Results e intal formula

[ 1o}

Large genus asymptotics: new perspective

Answers

e Universal strategy: resurgent analysis of the determinantal formula
°* Geometric meaning: Airy functions

— 2
y2 =0 quantisation (hz% _ X) WX, h) =0

e Subleading corrections: algorithm + properties

Uniformly in o, ..., d,asg— oo (here (X)y=x(x—1)---(x—k+1)):
2" T(2g—2+n) A
Ak
A to(g )
S—1 2g—sim @)
Stokes constant




Results < ninantal formula

[ 1o}

Large genus asymptotics: new perspective

Answers

e Universal strategy: resurgent analysis of the determinantal formula
°* Geometric meaning: Airy functions

2 ., quantisation 2 iz _ _
y-—x=0 TS (h e x) P(x,h)=0
e Subleading corrections: algorithm + properties

Uniformly in o, ..., d,asg— oo (here (X)y=x(x—1)---(x—k+1)):

2" T(2g—2+n)

K\J x k1
* @g—3+m, *+O ))

A—2/3
Ay—3/2
P~ 7@11/4 L




Results e intal formula

[ 1o}

Large genus asymptotics: new perspective

Answers

e Universal strategy: resurgent analysis of the determinantal formula
°* Geometric meaning: Airy functions

2 ., quantisation 2 iz _ _
y-—x=0 TS (’h e x) P(x,h)=0
e Subleading corrections: algorithm + properties

Uniformly in o, ..., d,asg— oo (here (X)y=x(x—1)---(x—k+1)):

(o) =5 e T (14

dn ~ A9 2n 29—3+ny T
Ak
LA io(g ! )
Computable; polynomial in (2g— 3+ N« (g
n and multiplicities of aj \j




Results e intal formula

[ 1o}

Large genus asymptotics: new perspective

Answers

e Universal strategy: resurgent analysis of the determinantal formula
°* Geometric meaning: Airy functions

2 ., quantisation 2 iz _ _
y-—x=0 TS (’h e x) P(x,h)=0
e Subleading corrections: algorithm + properties

Uniformly in o, ..., d,asg— oo (here (X)y=x(x—1)---(x—k+1)):

(o) =5 e T (14

4 A29-2+n 2g—-3+n
/Ak\/

oy =

where pg = #{d; =0}




Results ninantal formula

(e J

Visualising the large genus asymptotics

29-3+n | {va, - Tay) a
2/3 (zn Il[2gf2+n) =1 :“1(’100)4-0(9 1)

4t (2/3)29—2+n



Results
(e J

Visualising the large genus asymptotics

2g-3+n [ {ra T -
) (Sn Cﬁ(zg—2in2> —]) =ai(n,po) +0(g")

23 \Gwamre
Forn=2:
—02 {e
06 o (dh,ah)=(0,3g—1)
(ch,dh) =(1,3g—-2)
° o (dy,dh) =(2,3g—-3)
0| s o (O, ) =(3,3g—4)
"'""“lu-u-u
7]4 | .............................-....
g




Resurgence

[ Jejele]e}

Darboux meets Borel

Darboux’s idea:

® Abs. convergent power series:

~ _ Gm m
o(s) = Z Ws
m=0

® Get a holomorphic function
around the origin, take analytic
continuation

® The large m asymptotics of am is
totally controlled by the
behaviour of ¢ at its singularities

antal formula



Resurgence erminantal formula

[ Jejele]e}

Darboux meets Borel

Darboux’s idea: Borel's idea:
® Abs. convergent power series: ® Divergent power series:
o(s) =y mgm (M) =Y amh™  [Oml = O(A""m1)
m!
m>0 m>0

e Get a holomorphic function ® The Borel fransform

around the origin, take analytic N Im m

continuation bls) =) s

m>0

e The large m asymptotics of am is is now convergent

totally controlled by the
behaviour of @ at its singularifies e Apply Darboux’s idea
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e Borel transform: ¢(s) = }_,, 92s™ convergent
® Suppose you can compute:

@ Log singularities: Ay, ..., An

@® Stokes constants: Sy,. .., Sn

O Minors: B, ..., Pn

® | arge m asymptotics:

rm (S 2
m=on <Aﬂ"(bm+m TP i im -2 Pt )
+..
Sn An Ah
+A7nm(b”’0+m—1b”']+(m—]](m—2)b”'2+m)



Resurgence

000@0

Main example: Airy function

The formal (WKB) solutions of the Airy ODE, (h{j—é — x) P(x,h) =0, are

_ 2 43/2
X

e 3
Pailxih) = (]7485/2h+42:85x3h2+'”>

\/§X1/4
Pei(X; ) = bai(x; —h)
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Main example: Airy function

The formal (WKB) solutions of the Airy ODE, (h{j—é — x) P(x,h) =0, are

2 2
e _ 2 ,3/2 ~
Pailx;h) = o (1 — szt 42585X3h2+~~> =e ¥ Pa(x;h)

Pei(X; ) = bai(x; —h)

LT)Ai is a divergent series in h. Its Borel fransform has a single log
singularity at s = +5x%2:
Bai(X;s) = —2]—7[ log(s — 3x%?) + holom

Bairy fnct resurges
at the sing of Airy fnct

For the Airy function: (sing, Stokes cnstn, minor) = (+§x3/2, 1,$Bi) ]
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Compute the large genus asymptotics of ((tq, - - - Ta,))

@ Take the generating series
Wh(xi, ..., Xoih) =) RPN W (i, Xn)

g=>0
n fixed
h — genus {Tay -+ Tan))

— (72)—(2g—2+n)

@® W, is a divergent series in h. Take its Borel transform and studly its
singularity structure
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Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Ta,))

@ Take the generating series
Wh(xi, ..., Xoih) =) RPN W (i, Xn)

g=0
n fixed
h — genus ! (g, - Tap)

— (72)7 (2g—2+n)

@® W, is a divergent series in h. Take its Borel transform and studly its
singularity structure

® Get the large genus asymptotics (with subleading contributions!)
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Arrange the formal Airy functions as
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It solves the system (hs — (94))¥ =0.
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M(x, h) = (é(lb/&ill)Bi + ady)

Paiksi
[(2,C).
Dby —;(wAiwgiw,gini)) csl20




Determinantal formula
[ JeJele)

Determinantal formula: setup

Arrange the formal Airy functions as

Y(x,h) = @2 $:> € SL(2,C).

It solves the system (hs — (94))¥ =0.

Define the matrix M =w3 (| % )v—"

M(x, h) = S (Wabe + Vaby)
’ lb/&ﬂpé,

Yaibgi
[(2,C).
— 2 (Warbg + IPAiIIJBi)) €sl(2.C)

Crucial facts:

* M contains only quadratic products Ai-Bi

¢ The exponential terms cancel out = M is a formal series in h
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Determinantal formula: setup

Arrange the formal Airy functions as

Y(x,h) = @2 $:> € SL(2,C).

It solves the system (hs — (94))¥ =0.

Define the matrix M =w3 (| % )v—"

M(x, h) = 3 (Wabs + babh)
' baby

Yabs
~ X ~ = [(2,C).
—2(barbg + IPAiIIJBi)) €sl(2.C)

Crucial facts:

* M contains only quadratic products Ai-Bi

¢ The exponential terms cancel out = M is a formal series in h
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Determinantal formula: result

Cyclic permutations: o =1(1)
Ch={0€ 5,| 0has cycle type of length n} - a2(1)

Determinantal formula (Eynard et al., Bertola-Dubrovin-YangQ):

M(X],h]M(XU”),h] e M(ch—l(]),h))
X1 — Xo(1)) (X2 — Xo(2)) - (Xn — Xo(n))

Walx, ... X h) = 3 sgn(c)trg

oeCn

Example: n=2

tr(M(x1, h)M(x,, h))

We =— (X1 —X) (% —X1)
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Determinantal formula: result

1
™
Cyclic permutations: a”(*‘ @) 6(11)
Ch={0€ 5,| 0has cycle type of length n} - jm

Determinantal formula (Eynard et al., Bertola-Dubrovin-YangQ):

o

(X1 = Xe(1)) (X2 — Xs(2)) - - - (Xn — Xo ()

Wi(xi, ..., =) sen(o r(MOa, WMoy, 1) - MXgn11). )

oeCn

Example: n=2
tr(M(x, R)M(xp, 1))
(X1 —X2) (%2 —X1)
_ 1BAi,1IBBH{1;,&1'2{[)5/;| 2 leA\ 111)B| '|1I)AI 2¢B|2 + 211)A| 111)3. ﬂl’Bl 2II)A| 2

(X1 —X2)?

Wy =—

+ (X < X)
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[e]e] o)

Slngulon’ry structure of Wn

Singularity strct . Singulori/’r\y strct
of Pai, Pgi of W,

® 2nlog singularities of Wn, located at

+4x% and  — 14X, i=1....n

e Stokes constants: S =1
® Minors:
@ at +4x*?: replace each Ha(x;; s) with (g (x;; )

O ot — 4 3/2 . replace each IJ)B\(X/ s) with $Ai(x;;s}
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Summary

Uniformly in o, ..., d, as g — oo:

Determinantal formula

[e]e]e] )

2" T(2g—2+n)

A

<<Td1 e T) =S An  A20-2+n

T

(1+

Ak

2g—3+n)

2g-3+inM 7T

kw+o@*40

where:
e S=1
Stokes constants of the Airy ODE
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[e]e]e] )

Summary
Uniformly in o, ..., d, as g — oo:
2" T(2g—-2+n) A
(vay - wan) =S 77 —zgzin ! 2g—3+nd T
Ak
o) —k—1
Jr(2\g—3+n),<cx'<+ (9 ))
where:
e S=1
Stokes constants of the Airy ODE
e A=2/3

leading exp behaviour of Ai
* oy polynomials in n and multiplicities of d; (conj by Guo-Yang)

are computable from the asymptotic expansion coeffs of Ai
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antal formula More enumerative problems

®0

Bessel

Norbury’s intersection numbers (super WP volumes, BGW tau function):

n
(o 70)° = | @ga] [wf'(2ch+ 1)1
Mg,n i=1
2" T(2g—2+n) A
7347( A5 Zin 2g73+n0ﬂ+-..
Ak
o) —k—1
+(2g—3+n),<ock+ (g ))
where:
e S5=2
Stokes constants of the Bessel ODE
* A=2

leading exp behaviour of Kg
® oy polynomials in n and multiplicities of d;

are computable from the asymptotic expansion coeffs of Kq
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oe

r-Airy

Witten’s r-spin intersection numbers (r-KdV tau function):

<<Tc71 Ne Tan’dn»r-spin = Jﬁ

n
cwlan,...,an) [Jwi(rdh + a)l
i=1

Mgn
2"T(2g—-2+n) Si rn |Ar 1] rn
T on rg—1—ld |Am‘2972+n %+ 29_3_._”0‘1 +
K
" 5151 Lzt A ) MU D
|Af,L%J|2972+n 2973+n 1
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antal formula More enumerative problems

oe

r-Airy

Witten’s r-spin intersection numbers (r-KdV tau function):

<<Tc11 Ne 'Can,dn»r_spin = Jﬁ

n
cwlan,...,an) [Jwi(rdh + a)l
i=1

Mgn
2"T(2g—-2+n) Si rn |Ar 1] rn
T on rg—1—ld |Am‘2972+n %+ 29_3_._”0‘1 +
K
" 5151 Lzt A ) MU D
|Af,L%J|2972+n 2973+n 1

K
seven Sf% 5 ‘Ar% | (r.5)
Or 2 — + -
+ 5 |Aré|29—2+n %o +29—3+I’7 !
(r

where S, A,;, «\"" are obtained the r-Airy ODE.
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