PIICQ seminar
December 16, 2024

Resurgent large genus asymptotics

of infersection numbers

j/w B. Eynard, E. Garcia-Failde, P Gregori, D. Lewanski
arxiv: AG/2309.03143

Alessandro Giacchetto

ETH ZUrich


https://arxiv.org/abs/2309.03143

Motivation esults < e ninantal formula

[ Jelelele}

A case study: m!

Counting problem: Cm = #{ arrangements of m distinct objects }

into m distinct boxes



Motivation esults < e ninantal formula

[ Jelelele}

A case study: m!

Counting problem: Cm = #{ arrangements of m distinct objects }

into m distinct boxes

m-Cm_1 m>1

Solution: Cm=m!=
1 m=1



Motivation
[ Jelelele}

A case study: m!

Counting problem:

Solution:

Determinantal formula

_ arrangements of m distinct objects
Cm #{ into m distinct boxes }

m:-Cm- m>1
Cm=m! =
m {1 m=1

Pro: exact
Con: recursive



Motivation

[ Jelelele}

A case study: m!

Counting problem:

Solution:

Asymptotics:

ninantal formula

_ arrangements of m distinct objects
Cm #{ into m distinct boxes }

m:-Cm- m>1
Cm=m! =
m {1 m=1

Pro: exact
Con: recursive

Cm=V2mm (g)m(1 + O(m”))



Motivation
[ Jelelele}

A case study: m!

Counting problem:

Solution:

Asymptotics:

Determinantal formula

_ arrangements of m distinct objects
Cm #{ into m distinct boxes }

m:-Cm- m>1
Cm=m! =
m {1 m=1

Pro: exact
Con: recursive

Cm=V2mm (g)m(1 + O(m”))

Con: asymptotically exact
Pro: closed-form



Motivation
[ Jelelele}

A case study: m!

Counting problem:

Solution:

Asymptotics:

Determinantal formula

_ arrangements of m distinct objects
Cm #{ into m distinct boxes }

m:-Cm- m>1
Cm=m! =
m {1 m=1

Pro: exact
Con: recursive

e =V2rm ()" (14 ' +o(m %))

Con: asymptotically exact
Pro: closed-form



Motivation
[ Jelelele}

A case study: m!

Counting problem:

Solution:

Asymptotics:

Determinantal formula

_ arrangements of m distinct objects
Cm #{ into m distinct boxes }

m:-Cm- m>1
Cm=m! =
m {1 m=1

Pro: exact
Con: recursive

o= () (100

Con: asymptotically exact
Pro: closed-form



Motivation R S Determinantal formula More enumerative pr

[e] lelele}

Visualising Stirling’s formula

0.05 %

0.04

0.02 +

0.01 ° .




Motivation
[e] lelele}

Visualising Stirling’s formula

m!
M slm ) =0(m?)
M ( 2
005 A
L]
004 +
003 |
L]
002 + °
L]
L]
L]
4+ L]
001 “...
L]
llll..l..........
0 ® o o o
‘ ‘ ‘ ‘ ‘ — m




Motivation R S Determinantal formula More enumerative pr

[e] lelele}

Visualising Stirling’s formula

m!

—_— — 1+im4+imf2) =
P (T4 288
2rnm ()
005 5
L]
004
003 |
L]
002 + °
L]
L]
L]
0.01 ° . R
LY
LI .
---..........
0,;ﬂ_ﬂ_n_r\_~ ________________________
: : : : ‘ — m




Motivation Res < Determinantal formula

[e]e] lele}

VP-class intersection numbers

(Tq, ...Tdn>g:Jﬁ lb?l ey adi >0, di+- - +d, =3g—-3+n
a.n




Motivation Res < Determinantal formula

[e]e] lele}

VP-class intersection numbers

(Tq, ...Tdn>g:Jﬁ lb?l ey adi >0, di+- - +d, =3g—-3+n
a.n

® \olumes of moduli spaces of metric ribbon graphs (maps)

n L?df
Van(ly, ..., Ln) = > (To ”'Tdn>gnm
i=1 "

i+ +dh=3g—3+n



Motivation R S Determinantal formula V enumerative pr

[e]e] lele}

VP-class intersection numibers

(Tq, ...Tdn>g:Jﬁ lb?l ey adi >0, di+- - +d, =3g—-3+n
a.n

® \olumes of moduli spaces of metric ribbon graphs (maps)

n L?df
Van(ly, ..., Ln) = > (To ”'Tdn>gHW
i=1 "

i+ +dh=3g—3+n
¢ Building block for all tautological intersection numbers:

® Weil-Petersson volumes
® Masur-Veech volumes

® Hurwitz numbers



Motivation Res < Determinantal formula

[e]e] lele}

VP-class intersection numibers

(Tq, ...Tdn>g:Jﬁ lb?l ey adi >0, di+- - +d, =3g—-3+n
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® \olumes of moduli spaces of metric ribbon graphs (maps)

n L?df
Van(ly, ..., Ln) = > (To ”'Tdn>gHW
i=1 "

i+ +dh=3g—3+n
¢ Building block for all tautological intersection numbers:
® Weil-Petersson volumes

® Masur-Veech volumes

® Hurwitz numbers

e Compute the perturbative expansion of topological 2d gravity
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Solution

Normalisation:  (Ta, -+ Ta,)g = (Tay =+ Tan) [, (20 + 1N

(g D

Witten conjecture/Kontsevich theorem, early ‘90s:

O
| .
(T Tan) g = D_(20n+ 1) (Taycp1Ta, * Ta e
m=2
1
) Z <<<TOTdeQ T g1t Z (o)), (o, )
G+b dy— g1+9=9g

Iﬂ_llg {dp,....dn} / "
with initial data ((tototo))g = 1 and (1), = 3. .s
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Uniformly in o, ..., d, as g — oo:

20 [(2g—2+n) B
<<Td1 "'Tdn»g: 4~ (2)29-2+n (] +O(Q ]))
\3

e Conjectured by Delecroix-Goujard-Zograf-Zorich, 2019
* Proved by Aggarwal, 2020

(combinatorial/probabilistic analysis of Witten-Kontsevich topological recursion)

® Proved by Guo-Yang, 2021

(combinatorial analysis of the determinantal formula)

¢ Universal strategy, adaptable to different problems?
e ‘Geometric’ meaning of the formula?
e Subleading corrections?
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Results Resurgence

tal formula

Darboux’s idea:

® Abs. convergent power series:

® Get a holomorphic function
around the origin, take analytic
continuation

® The large m asymptotics of am is
totally controlled by the
behaviour of @ at its singularifies
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Darboux’s result: sketch of the proof

Take an abs. convergent power series: (s) = ) =
m>0 "

Suppose its analytic continuation has a single log singularity at s = A

~ S ~
P(s) = s P(s—A)log(s — A) +
Stokes constant
SecC minor
hAoIom @origin
B(s) = Xuso s
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Darboux’s result: sketch of the proof

Take an abs. convergent power series: (s) = ) =
m>0 "

Suppose its analytic continuation has a single log singularity at s = A

~ S ~
B(5) = —5-W(s—Allog(s — A) +
Stokes constant
SecC minor
holom @origin

B(5) = X ysp Kk

_ml [ @(s)
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Suppose its analytic continuation has a single log| singularity at s = A:
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Borel meets Darboux: the algorithm

* Given: ¢(h) = ,, anh™ divergent

m m!

® Suppose you can compute:

@ Log singularities: A € Sing(®)

@ Stokes constants: (Sa) acsing()
® Minors: (J’A)Aesmg(@)

® Large m asymptotics:

Determinantal formula

Borel fransform: @(s) = 9m sM gls. convergent

A2

r(m) Sa A
on="gn S am(onotybart

A€Sing(§)

(m—=1)(m-2)

bA,2+"'>
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Properties of the resurgence method

e Algorithmic.
$=) amh™ —  (Saba)acsmgs) — asymptotic of o
m

® Exponential integrals. The singularity structure of exponential
intfegrals is well-understood:

® = Asym (J'e’%smdf) — (Sa,ha)Acsing(d)

e Sums and products. The singularity structure of sums and products
of divergent series is well-understood:

M1 +202  — (S4,W4)Aesing(6)USing()

®1-92 —  (Sx,VA)Acsing(§)USing(§,)
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Exomple the Airy kernel

K(z,w:h) = Ai(Z% W)Bi' (w2 h) — Ai'(Z% h)Bi(w?;

minantal formula

=) amh”

m=0
1 _ 1 5 __7 4 _5_
 2Vzw(z—w) (zw)3/2 (%22 %zw + 5ou2 )h
1 385 456 385 455 385 \32
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Exomple the A|ry kernel

Ai(z%;h)Bi' (W% h) — Ai’ (22, h)Bi(w?; h

. — m
K(z, w;h) = e Z amh
m=0
_ 1 1 (5 7 5
— 2Vzw(z—w) ~ (zw)3/2 (9622 %6zw T 56w2 )h
1 385 455 385 385 455 385 \32
+ (zw)3/2 (921625 ~ 216w T 2165w2 T 3216203 T 921628 9216wh )h
Ai(z2;h) and Ai’(z2; h) have Bi(w?; h) and Bi’(w?; h) have
* alog singularity at 423 e alog singularity at —4w?
® Stokes constant: S =1 ® Stokes constant: S =1
e minors: Bi(z2; k) and ® minors: Ai(w?; 1) and

Bi'(22;h) Ai'(W?; h)
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Example: the Airy kernel

)h?+

Ai(Z2n)Bi' (W2 h) — Ai' (2%, h)Bi(w?; h m
K(z, wih) = i mZ>o Qi
_ 1 1 5 7 5
— 2Vzw(z—w) ~ (zw)3/2 (@_%zw—i_ 96w?2 )h’
bl (s g8 385 456 385
(zw)372\ 92165 ~ 92162%w " 92168w2 ~ 921622w3 " 9216zwd ~ 9216wd
Ai(z2; 1) and Ai’(z2; h) have Bi(w?; h) and Bi’(w?; h) have
* alog singularity at 423 * alog singularity at —4w?
® Stokes constant: S =1 ® Stokes constant: S =1
® minors: Bi(z%; k) and ® minors: Ai(w?; 1) and
Bi’(Z%; h) Ai’ (W2 h)
(=17 T(m) 10
= Om = 4m (%‘)m (zw)3/2h3m*1(2'_7) +o
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Example visualised

Write am = % 2 ket t=3m-1 C’HW'
1 1(m) 1 ! !
kv(:ﬂ(%)m (1+O(m )) = T =14+0(m")

A (gm
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Example visualised

. (—mm 1
erTe Gm — W Zk+e:3m7] kaem.
1 T(m) ) Q.o 1
k,(:ﬂ(é)m(uo(m ) = Tre=1+0(m)
3 47'[(4)/77
3
L]
1.04 + °
° L]
L]
° L]
102 -+ . -_.....
H Y R I T
17—.i—'—.—|—|—|—|—|—|—0—0—0—0—0—0—0—0—0—0
.=. ................
098 | o’
° °
L]
L]
0.96 +
L]
, , , , , m




Resurgence
000000e

Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Tqg,)) g



Resurgence
000000e

Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Tqg,)) g
© Take the n-pnt fnct

Wh(z),...,z0sh) = ) W29 2 Wy ,(z,,..., 2))
g=>0




Resurgence
000000e

Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Tqg,)) g
© Take the n-pnt fnct
Wh(z),...,z0sh) = ) W29 2 Wy ,(z,,..., 2))

(e Tady

— (,2)*(29*2“7) oot g




Resurgence
000000e

Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Tqg,)) g

© Take the n-pnt fnct

Wh(z),...,z0sh) = ) W29 2 Wy ,(z,,..., 2))

g=>0
n fixed
(T Tang

h — genus —(2g—2+n)
= (—2)" 9 - @Y
Zi — CI,' d];dn 22]2(:11 +3 . 22{%dﬂ+3




Resurgence
000000e

Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Tqg,)) g

© Take the n-pnt fnct

Wh(z),...,z0sh) = ) W29 2 Wy ,(z,,..., 2))

g=>0
n fixed
(T Tang

h — genus — (—2)(2g-2+n) Z

Zi — CI,' 22]2(:11 +3 . 22{%dﬂ+3

dy.....dh

@® W, is a divergent series in h. Take its Borel transform and studly ifs
singularity structure
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Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Tqg,)) g

© Take the n-pnt fnct

Wh(z),...,z0sh) = ) W29 2 Wy ,(z,,..., 2))

g=>0
n fixed
(T Tang

h — genus — (—2)(2g-2+n) Z

Zi — CI,' 22]2(:11 +3 . 22{%dﬂ+3

dy.....dh

@® W, is a divergent series in h. Take its Borel transform and studly ifs
singularity structure

@® Get the large genus asymptotics (with subleading contributions!)
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K(z,w;h) = 2 w?



Determinantal formula

[ Jole}

Determinantal formula

Define the disconnected n-pnt fnct and recall the Airy kernel

Wr:(Z] ..... Z Wg Zp h
PePart(n)
s052. +/ 2. _ A3l (2. (/2.
K(z, wih) = Ai(z%;h)Bi'(w?; h) — Ai'(z%; h)Bi(w?; h) .

22_W2

Determinantal formula (Eynard-Bergére, Bertola-Dubrovin-Yang):

W3(z1,....znh) = det K(z,z;h)

1<ij,<n
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Determinantal formula

Define the disconnected n-pnt fnct and recall the Airy kernel

W2 (z1,..., 22 h) Z Wep) (2p; 1),

PePart(n)

Ai(Z%;1)Bi’ (w2 h) — Ai’ (7%, h)Bi(w?; h)

K(z,w;h) = 2 w?

Determinantal formula (Eynard-Bergére, Bertola-Dubrovin-Yang):

W3 (z),...,z0;h) = det K(z,Zz;h)

1<ij,<n

Example: n=2
AiBi;Ai;Bij + $Ai BijAiBi; + 1Al BijBizAij

W, =
’ 7 -3

+(z1 < 2)



Results < Determinantal formula

[e] le}

Singularity structure of W,

Singularity strct — Singularity strct
of Ai, Bi of W,




tion Results R Determinantal formula

[e] le}

Singularity structure of W,

Singularity strct — Singularity strct
of Ai, Bi of W,

® 2nlog singularities of /Wn, located at

+3z0 and —3%2°,



tion Results R Determinantal formula

[e] le}

Singularity structure of W,

Singularity strct — Singularity strct
of Ai, Bi of W,

® 2nlog singularities of /Wn, located at
+3z0 and —3%2°,

e Stokes constants: S =1



Results Res < Determinantal formula

[e] le}

Singularity structure of W,

Singularity strct — Singularity strct
of Ai, Bi of W,

® 2nlog singularities of /Wn, located at
+3z22 and —3Z
e Stokes constants: S =1
* Minors:
@ ot +42°: replace each (Ai;, Aif) with (Bi;, Bi/)
@ at —42’: replace each (Bi;, Bi/) with (Ai;, Aif)



Summary

Determinantal formula

ooe

Uniformly in o, ..., d, as g — oo:

{Tey - Tapg =S

2" T(2g—2+n)

4t

A

A29-2+n

T

(1+

Ak

2g—3+n)

29 3+inM T

kw+o@*40




Determinantal formula

ooe

Summary

Uniformly in o, ..., d, as g — oo:

2" T(2g—2+n) A
{tay - Tanllg = 5 27 oz <+2g—3+n°‘1+"'
Ak
O —k—1
Jr(2\g—3+n),<cx'<+ (9 ))
where:
e 5=

Stokes constants of the Airy ODE



Determinantal formula

ooe

Summary
Uniformly in o, ..., d, as g — oo:
2" T(2g—2+n) A
R e . B U i F L

o A o(ng))
(2g—3+ n)i
where:
e S=1
Stokes constants of the Airy ODE
e A=2/3

leading exp behaviour of Ai



Determinantal formula vl enumerative p

ooe

Summary
Uniformly in o, ..., d, as g — oo:
2" T(2g—2+n) A
R e . B U i F L

o A o(ng))
(2g—3+ n)i
where:
e S=1
Stokes constants of the Airy ODE
e A=2/3

leading exp behaviour of Ai
* oy polynomials in n and multiplicities of d; (conj by Guo-Yang)

are computable from the asymptotic expansion coeffs of Ai



ninantal formula More enumerative problems

®0

Bessel
Norbury’s int. nmbrs (BGW t-fnct (Chidambaram-Garcia-Failde-AG)):

n
Ogn [ [ Wi (20 + 11

i=1
2 T(2g—2+n) A
= amor \| Tag=ain®

Ak

(o o) = |

Mg,n

1+

+ m oKy + O(Q_k_1))



Determinantal formula More enumerative problems

®0

Bessel
Norbury’s int. nmbrs (BGW t-fnct (Chidambaram-Garcia-Failde-AG)):

n
Ogn [ [ Wi (20 + 11

i=1
2" T(2g—2+n) A
= amor \| Tag=ain®

Mg,n

(o o) = |

1+

+ S - ok + o(g—k”))
(2g—3+n)k
where:
e 5=2
Stokes constants of the Bessel ODE
° A=2

leading exp behaviour of Kg
® oy polynomials in n and multiplicities of d;

are computable from the asymptotic expansion coeffs of Kq



More enumerative problems
o] J

r-Airy

Witten r-spin int. nmbrs (r-KdV t-fnct (Faber-Shadrin-Zvonkine)):

n

(Taray * Taman)) oy = cwlan,....an) [Tw(rd + a)ln
¢ =1
=

Mg.n
_2"T(2g-2+n) Sr ol o IA 1] ol
T 2n ro-i-ld |A;[29-2tn \ 70 20-3+n""
K
N S5 (“m%n A 5] L )
B — e e L
‘A,T 2g—2+n 29,3+n
geven Sy (n5) A 1" (r.3)
Ty A o\ Tagmarat T

where S, A,;, «\"" are obtained the r-Airy ODE.



Thank you for the attention!
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