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e Compute the perturbative expansion of topological 2d gravity
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Solution

Normalisation:  {(tq, -+~ Tan)); = (Tay - Tap) o [T (20 + !

(g D

Witten conjecture/Kontsevich theorem, early ‘90s:

O
n
= Z(2dm+ 1) (T +cm—1Tet, *** Tam *** Tanl) g
m=2
1
ToTde2 Tdn g1 + Z TOT/1 TbT
a+b a)— N+tG=9g

/ hub={db,....dn} / "
with initial data ((tototo))g = 1 and (1), = 3. ‘s



Motivation est Res! c Determinantal formula More enumerative problem

[e]e]ee] }

Large genus asymptofics

Uniformly in d, ..., d, as g — oo:

2" T'(2g—2+n _
(e ey = o 222D (14 0(g7))




Motivation est R nce Determinantal formula

[e]e]ee] }

Large genus asymptofics

Uniformly in d, ..., d, as g — oo:
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(e Tadg = 20 — 2200 (] +O(97]))
2)

e Conjectured by Delecroix-Goujard-Zograf-Zorich, 2019
* Proved by Aggarwal, 2020

(combinatorial/probabilistic analysis of Witten-Kontsevich topological recursion)

® Proved by Guo-Yang, 2021

(combinatorial analysis of the determinantal formula)
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Uniformly in d, ..., d, as g — oo:
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e Conjectured by Delecroix-Goujard-Zograf-Zorich, 2019
* Proved by Aggarwal, 2020

(combinatorial/probabilistic analysis of Witten-Kontsevich topological recursion)

® Proved by Guo-Yang, 2021

(combinatorial analysis of the determinantal formula)

¢ Universal strategy, adaptable to different problems?
e ‘Geometric’ meaning of the formula?
e Subleading corrections?
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tal formula

Darboux’s idea:

® Abs. convergent power series:

Bls)= Y Imgm

m!
m=0

® Get a holomorphic function
around the origin, take analytic
continuation

® The large m asymptotics of am is
totally controlled by the
behaviour of @ at its singularities
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Borel meets Darboux: the algorithm

* Given: ¢(h) =) ,, anh™ divergent

Borel transform: ¢(s) = ), 92.s™ abs. convergent

¢ Suppose you can compute:

@ Log singularities: A € Sing(®)

@ Stokes constants: (Sa) aesing()
© Minors: (1) acsing(@)

® |arge m asymptotics:

rim S A A2
Qm = (m) Z T;(bA'O+m—]bA'1+ bA,2+"'>

2n (m—=T1)(m-2)

AcSing(§)
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000@e000

Properties of the resurgence method

® Algorithmic.

$=) anh™ —  (Saba)acsmgs) — asymptotic of ap,
m

® Exponentfial integrals. The singularity structure of exponential
intfegrals is well-understood:

® = Asym (Je’%smdf) — (Sa, VA Acsing(d)

e Sums and products. The singularity structure of sums and products
of divergent series is well-understood:

~

MP1+A02 — (S5 Wh)Acsing(é,)using($5)

®1- 92 — (S5, V1) Acsing(,)uSing($y)
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Example: the Airy kernel

Ai(z%;h)Bi' (W% h) — Ai’ (Z2; 1) Bi(w?; h m
=) aph

K(z, w;h) = o

m>0

_ 1 1 5
— 2Vzw(z—w) ~ (zw)3/2 (%22 %zw+%w2 )h

1 385 455 385 385 455 385 2
+ (zw)3/2 (921625 92]624W+921623W2 921622w3 +92162W4 9216W5)h
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Example: the Airy kernel

Ai(z%;h)Bi' (W% h) — Ai’ (Z2; 1) Bi(w?; h m
K(z,w:;h) = g Z amh
m>=0
_ 1 1 5 7 5
T 2Vzw(z—w) ~ (zw)3/2 (@_%zw"'%vﬂ )h
1 385 455 385 385 455 385 2
+ (zw)3/2 (921625 ~ 2168w T 2165w2 T 32162w3 T 921628 9216wS )h
Ai(z2;h) and Ai’(22; h) have Bi(w?; h) and Bi’(w?; h) have
* alog singularity at 423 * alog singularity at —4w?
® Stokes constant: S =1 ® Stokes constant: S =1
® minors: Bi(z%; k) and ® minors: Ai(w?; 1) and

Bi'(22; 1) A’ (W?; h)
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Example: the Airy kernel
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Ai(z%;h)Bi' (W2 h) — Ai’ (22, h)Bi(w? h
K(z,w;h) = e Z amh™
m=0
_ 1 1 5 7 5
— 2Vzw(z—w) ~ (zw)3/2 (@_%zw"'%vﬂ)h
1 385 455 385 385 455 385 \32
+ (zw)3/2 (921625 ~ 2168w T 2165w2 T 32162w3 T 921628 9216wh )h +
Ai(z2;h) and Ai’(z2; h) have Bi(w?; h) and Bi’(w?; h) have
* alog singularity at §2° * alog singularity at —§w?
® Stokes constant: S =1 ® Stokes constant: S =1
e minors: Bi(z2; 1) and ® minors: Ai(w?; 1) and
Bi’ (22 h) Ai' (w2 h)
(=)™ Tr(m) 1 1
= A= gy (lreon () £
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Example visualised

Write g, = ([zw 372 Zk+e =3m— 1O’<KW'
1 1(m) - Ot
Gk,e—ﬂ(g)m(]-i-()(m )> = Trm =1+0(m")
7T(g)’”
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Example visualised

. (— 1
Write g, = (zw 3/2 Zk+e =3m—1 erm-

1 F(m) 9 (o) %} 9
- —— =1+0(m
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Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Ta,) g

© Take the n-pnt fnct

) a.n
g=>0
n fixed /xJ
(o) Tanl)

h — genus —(2g—2+n)
=(-2) —
Zi — di d];dn 2Z]2d] +3 . 2Z,%dn+3
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Compute the large genus asymptotics of ((tq, - - - Ta,) g

© Take the n-pnt fnct

Wiz, ..., Znh) = Z h20-2+n Wgn(zr, ..., Zn)

g=>0
n fixed
(o T g

h — genus _ (72),[29724#7) Z

z — d 27N 8 02 +3

).

@ W, is a divergent series in h. Take its Borel transform and study its
singularity structure
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Strategy towards large genus asymptotics

Compute the large genus asymptotics of ((tq, - - - Ta,) g

© Take the n-pnt fnct

) a.n
g=>0
n fixed KxJ
(o) Tanl)

h — genus _ (72),[29724#7) Z

z — d 27N 8 02 +3

).

@ W, is a divergent series in h. Take its Borel transform and study its
singularity structure

@® Geft the large genus asymptotics (with subleading contributions!)
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Determinantal formula

Define the disconnected n-pnt fnct and recall the Airy kernel

Welz, ..., = ) Wyp(zeh),
PePart(n)
Ai(z%;h)Bi’(w?; h) — Ai’ (22, 1) Bi(w?; h)
227W2 .

Determinantal formula (Bergere-Eynard, Bertola-Dubrovin-Yang):

W2(z1,...,zp;h) = det K(z,z;h)

1<ij,<n
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oeo

Singularity structure of W,

Singularity strct — Singularity strct
of Ai, Bi of W,

® 2nlog singularities of W,, located at
+3z22 and —3Z
® Stokes constants: S =1
* Minors:
@ ot +42’: replace each (Ai;, Aif) with (Bi;, Bi/)
@ ot —42’: replace each (Bi;, Bi/) with (Ai;, Aif)
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Uniformly in d, ..., d, as g — oo:

2" T(2g—2+n) A
(e Tl g =S 7- —52m <1 togoarn it
A« k1
* g, o)
where:
¢ 5=1

Stokes constants of the Airy ODE



Determinantal formula More enumerative problem:

ooe

Summary

Uniformly in d, ..., d, as g — oo:

2" T(2g—2+n) A
<<Td1 .. -’[‘dn»g = E[ 5’/5}—7—(7 <] + 29_ 3 Tn X —+ ..

P Y o(ng))
(2g—3+ n)k
where:
e S5=1
Stokes constants of the Airy ODE
°e A=2/3

leading exp behaviour of Ai



Determinantal formula vi enumerative pr

ooe

Summary
Uniformly in d, ..., d, as g — oo:
2" T(2g—2+n) A
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P Y o(ng))
(2g—3+ n)k
where:
e S5=1
Stokes constants of the Airy ODE
°e A=2/3

leading exp behaviour of Ai
* oy polynomials in n and multiplicities of d; (conj by Guo-Yang)

are computable from the asymptotic expansion coeffs of Ai
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Determinantal formula More enumerative problems

®0

Bessel
Norbury’s int. nmbrs (BGW 1-fnct (Chidoambaram-Garcio-Failde-AG)):

(v = | @gnTwf2ch+ 11
i=1

Mg,n
2" T(2g—2+n) A
7547[ A2g—2+n <] 29_3+n0(1+...
A —k—1
*2g—3 nE OO ))
where:
e 5=2
Stokes constants of the Bessel ODE

e A=2

leading exp behaviour of Kq
® oy polynomials in n and multiplicities of d;

are computable from the asymptotic expansion coeffs of Kqy



More enumerative problems
o]

r-Airy

Witten r-spin int. nmbrs (r-KdV t-fnct (Faber-Shadrin-Zvonkine)):

n
{(Tay.ah - Tananlg :J cwlan, ... an) [ Twi(rd + atiy
i=1

Mg,n
2"T(2g—-2+n) S " Al o
T on roi-d A, [P9-2+n % +m0¢1 +oe-
J’- .
S A K
rly) A= ey (L))
+m %o ma] 4o

5$ven Sr r

K
R oc(r’%)—i-ilAr'%‘ a2 g
2 ‘AI";‘QQ 24+n 0 29*34’[’7 1

where S, A, «\"" are obtained the r-Airy ODE.



Thank you for the attention!
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